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@ Quick Refresher of Basics
@ Convex Hull Problem

@ Solving Systems of Linear Equations



Introdu

The convex hull of a finite point set S € R” is the set of all convex
combinations of its points. The mathematical expression is:

S| S|
conv(S) = {;a;x; (Vi > 0)A Y o =1}

i=1




Introdu

Definition
The convex hull of a finite point set S € R” is the set of all convex
combinations of its points. The mathematical expression is:

S| S|
conv(S) = {;a;x; (Vi > 0)A Y o =1}

i=1

The convex hull of S € R? forms a convex polygon. And more
generally, the convex hull of S € R” forms a convex polytope.



A quick refresher: Given a point p € R™, we would like to
determine whether or not the point lies within the convex hull of a
finite set of m-dimensional points S.



The Con

A quick refresher: Given a point p € R™, we would like to
determine whether or not the point lies within the convex hull of a
finite set of m-dimensional points S.

(The Distance Duality Theorem) Let S = {vi,va,...,vp} C R™,
p € R™.

@ p <€ conv(S) if and only if given any p' € conv(S), there exists
2 such that || ' —v; | > | p— |

@ p ¢ conv(S) if and only if there exists a p' € conv(S) such
that | o — i Il < | p—v; Il ¥




The Con

A quick refresher: Given a point p € R™, we would like to
determine whether or not the point lies within the convex hull of a
finite set of m-dimensional points S.

(The Distance Duality Theorem) Let S = {vi,va,...,v,} C R,
p € R™.

@ p € conv(S) if and only if given any p' € conv(S), there exists
2 such that || ' —v; | > | p— |

@ p ¢ conv(S) if and only if there exists a p' € conv(S) such
that | p' —v; | <l p—v; [l V.

Definition

We call p’ a witness if it satisfies | p’ — v; || < || p—vi ||, V i.




The Tr
Skeleton |

Data: Given a vector p € R™, a matrix S € R™", and a fixed
tolerance €
Result: A vector @ such that p’ = S @&, with || p' —p || < €
initialization of pj and @ ;
while || p' —p || > € do
for i «+ 1 to n total vertices do
if | p'—vi | > | p—vi | then
choose v; to be a pivot;
end

end

(p=P) " (vi—p}) .
lvi—pill

update ax+1 = (1 — B)ak + pai;

update pj_ ; = Sa1;

calculate step size 8 =

end




Choos
Naive Im

for i < 1 to n total vertices do
if [ '~ vi | > | p—vi | then
choose first v; that satisfies condition to be a pivot;
break;
end
end

Algorithm 1: Blind Triangle Algorithm



Choo

Naive |

Bind Trian gle Agoithm Blind Triangle Algerithm

Figure : 5 Point Convex Set in Figure : 8 Point Convex Set in
2D Space (40 iterations) 3D Space (245 iterations)



Choos
A Better

for i + 1 to n total vertices do

if | P/~ vi | > | p— vi || then

‘ find angles 6; = Zpp) vi;

end

find 6; := inf{d1,02,...};

choose pivot v; from corresponding angle d;;
end

Algorithm 2: Triangle Algorithm with Angle Checking



Choo

A Better

Triangle Algorthm ith #ngle Checking Triangle Aigoritbm vith Angle Checking

Figure : 5 Point Convex Set in Figure : 8 Point Convex Set in
2D Space (35 iterations) 3D Space (95 iterations)



Auxilia
Mid-Point

for i «+ 1 to n total vertices do

if | p'—vi || > | p—vi || then

‘ find angles 0; = Zpp} vi;

end

find (Sj = inf{él, (52, .. .};

choose pivot v; from corresponding angle d;;

end

if two pivots v; and vj; are chosen in consecutive cycles then

increment counter;

if counter > ~ then
define new auxiliary point vy 1= Y45,
S =I5 | vasals

end

end

Algorithm 3: Mid-Point Auxiliary Points



Triangle Algorthm ith #ngle Checking Triangle Aigorithm vith Angle Checking

Figure : 5 Point Convex Set in Figure : 8 Point Convex Set in
2D Space (8 iterations) 3D Space (17 iterations)



Trian
More Ex:

Triangle Algoritbm vith Angle Checking

Figure : 100 Point Convex Set in  Figure : 100 Point Convex Set in
2D Space (7 iterations) 3D Space (15 iterations)



Triangl
More Exa

Triangle Algoithm with 2ngle Checking

Figure : Half-Million Point Convex Set in 3D Space (5 iterations)

Gibson The Triangle Algorithm






Solvi
Nonnega

Given A € R™" and invertible, suppose Ax = b has a nonnegative
solution x = A~'h > 0. Then we can generate an e- approximate
solution xg such that || Axp — b || < € by approximating 0 €
conv([A -b]).



Solvin
Nonnegat

Given A € R™" and invertible, suppose Ax = b has a nonnegative
solution x = A~1bh > 0. Then we can generate an e approximate
solution xg such that || Axp — b || < € by approximating 0 €
conv([A -b]).

a1
a1 a2 - ain —bh a 01
a1 a2 - an, —b 02
: o :
dn,1 dp2 -°° dnn —b, it On
n+
Zai:]-)aizo



Solvi
Nonnega

Consider the following examples:

3x1 + x0 =4
x1+4x +2x3=17
-xp +3x3 =2
3 1 0 X1 4
1 4 2 x| =17
0 -1 3 X3 2



Comparisons

Method Iterations
Triangle Algorithm 1

Jacobi 11
Gauss-Seidel 7

Successive Over-Relaxation (SOR) 7

The initial guess used for Jacobi, Gauss-Seidel, and SOR was xp = (%, %, %)T The optimal relaxation factor for
T

SOR was approximately w = 1.02. True solution is x¢rye = (1,1,1)".




Solving
Nonnegati

4 3 —4 2 0 X1 8

3 5 2 0 O X 15

0 2 6 -1 0 x3| =19,

0O -1 -1 4 3 X4 4

2 -1 -1 4 5 X5 8

Comparisons

Method Iterations
Triangle Algorithm 1
Jacobi 46
Gauss-Seidel 26

Successive Over-Relaxation (SOR) 22

The initial guess used for Jacobi, Gauss-Seidel, and SOR was xg = (1, 2, %, 1, %)T. The optimal relaxation factor
for SOR was approximately w = 1.01. True solution is x¢rye = (1,2,1,1, 1)T.




Solvin
Issues and

Computational Complexity (Each Iteration)

Method Complexity
Triangle Algorithm O(nm)
Gaussian Elimination 0o(n®)
Jacobi O(n?)
Gauss-Seidel 0(n?)
Successive Over-Relaxation (SOR)  O(n?)

@ Performance in high dimensions
e Comparison with Krylov Methods
@ Auxilliary Point Methods






Furth
More G

Given A € R™" and invertible, suppose Ax = b, but we do not
know anything about x. Apply a change of variables:

Let e=(1,1,...,1)T € R™. Then 3t > 0 such that if x is a
solution to:

A(x —te)=b



Furth
More Ge

Given A € R™" and invertible, suppose Ax = b, but we do not
know anything about x. Apply a change of variables:

Let e=(1,1,...,1)T € R™. Then 3t > 0 such that if x is a
solution to:

A(x —te)=b
Then x > 0. Define u := Ae, then
Ax = b+ tu, x > 0,

is solvable.



Furthe

Incrementa
Data: Given p’ = A a - ap1 b € conv(S)
Result: A vector a@suchthat p =S @ with || p/ —p || < e
set xo = ;= . Define 79 according to:

E(mo) =|| Axo —(b+7ou) || = min{|| Axo — (b+tu) ||: t > to}

replace tg with 7o;
if E(to) < ¢p then
| set x§ = (xo — toe), stop;
end
Call Triangle Algorithm where S = {a1, a2,...,an, —(b+ tou)};
p"(to) = p” — Bat1tou, where p” = AB — B,11b € conv(S);
Update p’ with p” ;
Update a with 3;
Update a1 with Bp41;

Algorithm 4: Incremental Triangle Algorithm



@ Incremental Triangle Algorithm
@ Auxiliary Pivot Methods to Improve Performance

e Eigenvalue Problems
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