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17
ADVANCES ON THE ERD(’BS—FABER—LOVASZ CONJECTURE

David Romero and Abdén Sé,nchez—Arrqyd

A hypergraph is linear if no two distinct edges intersect in more than one vertex.
A well-known conjecture of Erd8s, Faber, and Lovisz states that if a linear
hypergraph has n edges, each of size n, then there is a n-vertex colouring of the
hypergraph such that each edge contains one vertex of each colour. Dating back
to 1972, it is very surprising that this conjecture has not been settled in its full
generality. Here we present some advances on it. '

17.1 The original problem
Paul Erd6s wrote in 1975 [8]:

Faber, Lovdsz, and I conjectured that if |Agx|=n, 1<k <n, and [AxNA;| <1,
1 n .

for k < j < n, then one can colour the elements of the union U Ak by n colours
By atdn Aie :

so that every set has elements of all the colours. It is very surprising that no
progress has been made with this problem and I offer 50 pounds for a proof or
- disproof. . .o 5t 4 V e i

Dating back to 1972, Erd6s considered this combinatorial problem among his B4
three favorites (see [8, 9, 10]). In this chapter, we present a survey of the work
on the subject. In Section 17.2, we pose the problem in terms of graphs and
hypergraphs. Section 17.3 is devoted to describe equivalent versions and some
generalizations. Section 17.4 surveys the advances made towards the solution of
this conjecture. Finally, some related problems are dealt with in Section 17.5.

17.2 The conjecture

A hypergraph H = (V4, &) consists of a finite set Vi, the vertices of H, and a
finite family £ of non-empty subsets of Vy,, the edges of H; it is assumed that
each vertex belongs to at least one edge. Thus a graph is a hypergraph in which
every edge has at most two elements. A hypergraph H is linear if no two edges
intersect in more than one vertex.

Let {1,...,k} be a set of k ‘colours’. A (proper) k-vertex colouring of H is a

map Vy — {1,...,k} such that no two vertices with the same colour belong to
a common edge. The (vertex) chromatic number x (M) of H is the least number

of colours needed to colour properly V. Whereas this concept is traditionally
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used for graphs, for hypergraphs it is also known as the strong chromatic number
(see Chapter 4 of [1]). However, we stick to our definition since it allows us to
use it both in graphs and hypergraphs.

-In the hypergraph setting the original Erdgs—Faber—Lovasz problem becomes
one concerning vertex colourings.

Conjecture 17.1 (EFL) If H is a linear hypergraph consisting of n edges,

~each containing n vertices, then x(H) =n.

A complete graph is a graph in which every pair of vertices is an edge. The
original £FL-conjecture can also be stated in terms of graphs:

: Con_]ecture 17 2 (EFL: Graphical) If a graph G is. the union of n complete
graphs Gu,.:.,Gn of size n, and [V(Gi))NV(G;)| < 1, for 1 <i< j<n, then

x(G) = n.

. The Erd8s-Faber—Lovész problem has a version in terms of edge colourings.

A (proper) k-edge colouring of H is a map &+ {1,...,k} such that no two
~edges with the same colour have a common vertex. The (edge) chromatic index
- Xe(H) of H is the minimum number of colours needed to colour properly £y.

The dual of a hypergraph M = (Vi,€3) on p vertices Vi = {v1,.. .,Up}, and
n edges &y = {E1,...,E,} is the hypergraph H* := (V3 €5) whose vertices
V3, = {ei,.:.,en} are the edges of H, and whose p edges are defined by the sets:
Vi = {e;j : vi € E; € H}. It follows that (H*)* is isomorphic to H.

The bipartite gmph representation of a hypergraph H = (Vy,Ex) is a bipar-

tite graph B(H) = (V(B),E(B)) with bipartition (X ,Y) of V(B) constructed

as follows:

B.1 For each vertex v € Vy there is a vertex z,, € X. Thus | X | IVH|
B.2 For each édge e € Ex there is a vertex y, € Y. Thus |Y| = lé'Hl.
B.3 The ‘pair (a:v,ye) is an edge in B(H), if a.nd only ifv €e.

We use this construction to explaln prOpertles about duallty, vertex
colourings, and edge colourings of hypergraphs. To start w1th we make three
basic remarks.

Remark 17.3 The hypergraphs H and H* have isomorphic bipartite graph
representation (with their parts interchanged).

Remark 17.4 A vertex colouring of H corresponds to an edge colouring of H*
and vice versa. Namely, edge V; of H* receives the colour assigned to vertex v;
of H; similarly, vertex e; of H* gets the colour assigned to edge E; of M.

Remark 17.5 Duality preserves linearity. Linearity of H is equivalent to the
bipartite graph B(H) containing no 4-cycles. This latter property is preserved
when the two parts of B(H) are interchanged, then H* is also linear.

A hypergraph that satisfies the hypotheses of a conjecture will be called an
instance of it. The degree dy;(v) of a vertex v in a hypergraph H is the number
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of edges containing it. A loop is an edge of cardinality one. We can prove that
the EF L-conjecture is equivalent to

Conjecture 17.6 (EFL: Dual) If H is a linear hypergraph with no repeated
loops, then x.(H) < [Vy. '

To prove the equivalence, consider an instance H of Conjecture 17.1 and |
let H* be its dual. It follows from Remark 17.4 and Remark 17.5 that any = .
n-edge colouring of H* gives us a colouring of all vertices v of H with. dr(v) >2.
However, such a colouring can be easily extended to the rest of V3 so that each
edge in &y has all n colours. On the other hand, let H be a instance of Conjecture
17.6. By Remark 17.5, H* is linear and has |Vr| edges each of size at most [Vx|.
We add new vertices to each edge in H* so that each edge has now size V|- By
Conjecture 17.1 we can find a vertex colouring with |Vy| colours and this gives
us the required edge colouring of H. '

.. The equivalence of Conjectures 17.1 and 17.6 was perhaps first noted by -
Hindman [17] and Seymour [27]. Besides, using computer search Hindman [17]
was able to verify. Conjecture 17.6 for ‘small’ hypergraphs, those having at most
10 vertices. ; : ' ' Lot TR G

17.3 Related conjectures .

In this section, we present some problems related to the £F L-conjecture. Fu*st we
deal with reformulations of the problem and then we present some generalizations
of it. : e g gl T : _

17.3.1  Eguivalent versions e GBS et C o
We start this section with a version of the conjecture for hypergraphs of minimum

degree at least two. The next -version uses the fact that vertex colourings of
hypergraphs are a special type of edge colourings of bipartite graphs. The third
version uses the line graph of a hypergraph and a new parameter for general
graphs. Finally, a translation of the original problem into algebraic language is

presented.

Hypergraphs with §(H) > 2
An easy reformulation of Conjecture 17.1 was used by Sénchez-Arroyo [26]. Let
6(H) denote the minimum degree of H, that is, 6(H) = min,ecy,, {65 (v)}.

Conjecture 17.7 ([26]) If a linear hypergraph H consists of n edges, each of
size at most n — 1, and §(H) > 2, then x(H) <n.

To see that this conjecture implies Conjecture 17.1, consider an instance H
of the latter. As H is linear and has n edges, each edge contains a vertex of
degree one. By deleting fiom 7 every such vertex, we get a linear hypergraph
with at most n edges, each of size at most 1 — 1, and with minimum degree at
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least two. Observe that if we can properly colour the vertices of degree at least
two (with n or fewer colours), then certainly we can colour all the vertices of H
with n colours, which is the minimum number required.

Hybrid edge colourings

‘We now introduce a special type of edge-colourings of graphs and present its
~ relationship with vertex colourings of hypergraphs. The motivation comes from
~ attempting to-solve thé £FL-conjecture using edge colourings of the bipartite

graph representation of a hypergraph. The star, Sy, centred in a vertex v of a
graph G, is the set of edges incident to v.
. Consider a proper n-vertex colouring of a hypergraph H. In the bipartite

. graph B(H) such a colouring corresponds to an n-colouring of one of the parts
. .of B(H). Thus, the given n-vertex colouring of V3; becomes an edge colouring

of B(H) as follows: If v is a.coloured vertex in B(H) then each edge in the star
S, receives the colour assigned to v, that is, S, is monochromatic. On the other

. hand, given that the vertex colouring of H is proper, no two vertices in an edge
. 7 have the same colour. Thus, if v is not coloured in B (H) then the star Sy is

heterochromatic.
- A set of vertices of a hypergraph is independent if no two belong to a

common edge. Consider a simple graph G = (V(G), E(G)) and let A be an
independent set of vertices of G. A hybrid k-edge colouring of G with respect
to A is a map E(G) — {1,...,k} such that each star centred at a vertex in
A is monochromatic, and each star centred at a vertex in B =V(G)\4 is
heterochromatic. The hybrid chromatic index Xe (G, A) of a simple graph G and
an mdependent set A i in G, is the mlmmum j such that G has a hybrid j-edge

colouring.

We show how hybrid edge colourlngs of graphs determme proper vertex

colourings of hypergraphs Suppose that G is the bipartite graph representation
of the hypergraph H = (Vy, Ex), with bipartition (X,Y) of V(G). Consider a
hybrid edge colouring ¥ of graph G. Observe that, by definition, if z, € X then
U(zy,v1) = ¥(zy,y2), for any pair of neighbours y1,yz of z, in G. '

Define a colouring ¢ of the vertices of H by assigning to each vertex v in Vy
the colour ¥(z,,y), that is, set ¢(v) = ¥(zy,y), where y is any neighbour of z,.
Observe that, by B.3, there is an edge (4, y.) in G for every v € e. Now, since v
is a hybrid edge colouring of G, no two edges incident to a vertex y, € Y’ share
colour. Hence, for any edge E of H no pair of vertices u,w € E are coloured the
same by ¢, and then ¢ is a proper vertex colouring of V3. Thus, we have proved

Remark 17.8 Let k be a positive integer, and H = (V3;, Ex) be a linear
hypergraph with bipartite graph representation denoted by B(H). Then,
ye(B(H), X) < k if and only if x(H) < k.

With this result it is clear that we can reformulate the EFL-conjecture iu
terms of the hybrid chromatic index of bipartite graphs, as follows:
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Conjecture 17.9 Let G = (V(G),E(G)) be a a simple bipartite graph with
bipartition (X,Y), then x:(G,X) <|Y]|.

Linear intersection number of graphs
In [22], Klein and Margraf used the line graph of a hypergraph to introduce

a new parameter for general graphs, and then they provided a version of the .

conjecture in terms of this parameter. i L

A partial linear space is a pair P = (P, L) consisting of a set P of elements
called points and a set £ of subsets of P, called lines, satisfying the following
axioms:

L.1 Any two distinct points belong to at most one line.
L.2 Any line has at least two points.

Observe that a partial linear space is just a linear hypergraph without loops.

The line graph or intersection graph of a hypergraph H is the graph L(H) whose
- vertices correspond to the edges of M, with two vertices being adjacent if and -

only if their corresponding edges intersect.’ A
Obviously, a vertex colouring of L(H) corresponds to an edge colouring of
H. Hence, to determine the chromatic index of a hypergraph P, it is enough to

look at its intersection graph L(P). However, it is not possible to recover the

original hypergraph by looking only at its intersection graph. To cope with this
problem, Klein and Margraf [22] introduced the linear intersection number of a
graph, =5/ ' ¥ b G Sl L I 4 S e : £a2 :
~ Let G = (V, E) be a simple graph without isolated vertices. The space G =
(E,{Sz;x €'V}) of G is a hypergraph whose line graph is G. Moreover, this
hypergraph is almost a partial linear space. Any two lines of G intersect in at

most one point. However, any vertex z € V with dg(x) = 1 yields a line S, of G -

with one point, and by L.2 such lines are not allowed in a partial linear space.
But this is not a real problem, it suffices to add a new point to such line Sz. The
partial linear space G* obtained by this construction has the original graph as
its intersection graph, namely, L(G*) = G. : '

In particular, each graph is the intersection graph of a linear hypergraph,
and the set

N(G) = {n € N: P is a partial linear space on n points with L(P) =G}

is not empty. The equality L(P) = G in this formula actually means isomor-
phism. Now the linear intersection number of G, n(Q), is defined as the smallest
number of points of a partial linear space realizing G as its intersection graph.
With this definition the £F L-conjecture is equivalent to

Conjecture 17.10 ([22]) If G is a graph, then x(G) < n(G).

I'or the equivalence, consider au instance of Coujecture 17.6 and let &
be a graph. Observe that for every partial linear space P = (P, L), with

iy e

s RS
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L(P) = G, we have |P| > xe(P) =x(L(P)); hence n(G) > x(G). Conversely, let
G be a graph with x(@) < n(G). Then, for every partial linear space P = (P, £),
with L(P) = G, it follows that |P| > n(G) = x(G) = X(P)-

Mazimal clones

Haddad and Tardif [16] translated the original conjecture into algebraic lan-
guage.  Given an instance H of Conjecture 17.1, we can define the relational
structure (V3, Ry¢), whose base set Vi is the same as that of , and Ry is the
n-ary relational structure consisting of all the n-tuples (z1,...,Zn) such that
{z1,...,Zn} is an edge of H. Thus, if H has n edges, then Ry consists of the
n x n! n-tuples obtained by linearly ordering each edge of H in all possible ways.
An n-ary relational structure (V,R) is called areflezive if for every
(z1,...,%n) € R, the elements x1,...,Z, are all distinct, and totally symmetric
if for every (1,...,Zn) € R and every permutation 7 of {1,...,n}, we have
(@) - - 3 Zx(n)) € R. A homomorphism between two n-ary relational structures
(V,R) and (Vo, Ro) is a.mdp ¢ from V to Vp such that (¢(z1),...,4(zn)) € Ro
for all (z1;..:,%n) € R.'A map ¢ from a subset ¥ of V to Vo is called a
partial homomorphism if (¢(z1),. .., d(xn)) € Rofor all z1,...,2n €Y such that
(Ziesinnn ) €0 :
' © @iven an integer m, the m-th power (V, R)™ of an n-ary relational structure
(V, R) is the n-ary relational structure (V™, Ro), where

Ro={(X1,.., Xn) € (V™)1 (pi(X2), o 0i(Xn)) € Ry i =1,.,m),

and p; is the projection given by p;(a1,...,am) = a;. A partial function from a
power of V to V is called a partial operation on V. Let Po(V, R) denote the set
of partial operations on V which are partial homomorphisms from some power
of (V,R) to (V,R)." St ‘

A set of partial operations containing all projections and closed under
composition is called a partial clone. A partial clone is called mazimal if it
is not properly contained in any other partial clone, apart from the set of all
partial operations on V. Haddad and Rosenberg characterized maximal partial
clones on a finite set by means of

Theorem 17.11 ([15]) Let (V,R) be an n-ary areflezive, totally symmelric
relational structure. Then Po(V,R) is a mazimal partial clone if and only if
(V, R) admits an n-colouring.

Here, an n-colouring of (V, R) is just an n-vertex colouring of the hypergraph
whose edges are the sets {z1,...,Zn} such that (z1,... ,Zn) € R. Haddad and
Tardif deduced from Theorem 17.11 the following:

Corollary 17.12 ([16]) LetH be an instance of Conjecture 17.1. Then H admits
an n-colouring if and only if Po(V3, Ry) is a mazimal partial clone.

From this corollary, it follows that the £FL-conjecture is equivalent to
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Conjecture 17.13 ([16]) For every instance H of the EFL-conjecture, the
relational structure (Va, Ry¢) determines a mazximal partial clone.

17.3.2  Generalizations

Here we present two problems that generalise the £FL-conjecture, namely, the
Linear Hypergraph Conjecture and the Alon—Saks—Seymour conjecture

The linear hypergraph conjecture
~ For simple graphs Conjecture 17.6 is contained in Vizing’s Theorem.

Theorem 17.14 ([30]) If G = (V(G),E(Q)) is a simple graph of mazimum
degree A(G), then x.(G) < A(G) +1. .

Let & be a pos1t1ve integer. Theé strict k-section H<r> on a hypergraph H:
is defined by all subsets F' C Vy; such that 1 < |F| <k, and F C e, for ‘some
e € &y. Observe that Hcos is a graph with a loop attached to each vertex.:-
Thus, if H = (Vx,€5) is a simple graph then A(H<os ). = A(H) +1, and soA‘ '-
Vizing’s theorem is a special case of the following: -

Conjecture 17. 15 (Linear) If H is a lznear hyper;qmph then Xe (’H) <‘
Fallyy 278 ey _ il :
This conjecture was stated independently by Meyniel '(unpublish'éd:)'-;
Berge [2], and Fiiredi [13]. Observe that the line graph L(#) of a hypergraph H
is the strict 2-section of H* with all loops removed, so A(H%o.) = A(L(H)) + 1.
From this, they found that the Linear Hypergraph Conjecture is equivalent to

Conjecfure 17.16 (Linéar: Dual) Let H be a linear hypéfyraph with no edge
containing more than one vertez of degree one. Then x(H) < A(L(H)) + 1.

- It is clear that the dual version of the Linear Hypergraph Conjecture contains
the £F L-conjecture.

The Alon—Saks—-Seymour conjecture
Kahn [20] reported that Alon, Saks, and Seymour proposed

Conjecture 17.17 If the edge set of a graph G is the disjoint union of the edge
sets of n complete bipartite graphs, then x(G) <n + 1.

It can be seen that this is a generalization of the following theorem by Graham
and Pollak.

Theorem 17.18 ([14]) The edge set of the complete graph K, cannot be
partitioned into the edge set of fewer than n — 1 complete bipartite graphs.

There is a short algebraic proof of this result due to Tverberg [29], but no
cumbinatorial proof seews to be known. The Alon—Saks—Seyimoul conjeciure is &
bipartite analogue of Conjecture 17.2. To see this, replace in the former ‘complete
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bipartite graphs’ with ‘complete graphs on n vertices’, and ‘x(G) < n+ 1’ with
‘x(G) < n’, to obtain a formulation of the £FL-conjecture.

17.4 Results on the £FL-conjecture

Advances on the £F L-conjecture are scarce, and surprisingly most of them have
been originally obtained for the edge colouring version, Conjecture 17.6. In this

. section, we consider this dual version of the SFL-conjecture unless otherwise

stated.
‘A set of edges of H is a matching if they are pairwise d1s30mt Observe that,

apart from the trivial cases, when H has no edges or when it has one vertex,
Conjecture 17.6 is sharp in each of the following cases:

LBl H = (Wi, Ex), where &y = {{1}, {1,2},{1,3}.. 41 |vH|}

E.2 H is a degenerate projective pla,ne, that is, Vi = {O i B —1},and &y =

{101} -:5040, 2= 1} 11,2, —1}}.

“E.3 His a pIOJectlve plane, Where VH is the sét of pomts and EH is the set of

lines (see Fig. 17.1b).
E.4 H is a complete graph on n vertices, n odd, n > 5.

Remark 17.19 Some ‘minor’ modifications of the hypergraphs described in
E.4 also give equality in Conjecture 17.6. By minor modifications we mean the
deletion of some edges from the complete odd graph Kapi1. Because Kopyy —€
has 2p? + p—1 edges and each matching of it has at most p edges, we get
Xe(Kapt1 — €) > 2p + 1. For example, Xe(Ks — e) = 5, because Ks —e has nine
edges and we need ﬁve colours to colour its edges Ly ;

We start with a relatlvely old theorem by de Bruijn and Erdds [4] concermng
the problem for intersecting hype'rymphs, that is, those in Whlch any two edges'.

intersect.

Theorem 17.20 ([4]) Let H be an intersecting linear hypergraph Then
|Ex| < |Vi|, with equality in the cases E.1, B.2, and E.8. :

Seymour made an important step by extending this theorem in the following
way. ' :

Theorem 17.21 ([27]) Every linear hypergraph H = (Vi Ex) has a matching
of size at least |Ex|/| V|-

The proof uses such a sophisticated argument tha.t we do not include it here.
Moreover, in [27] there is a proof that equality holds in this theorem for the
hypergraphs described in E.1 to E.4.

Colbourn and Colbourn [7] proved Conjecture 17.6 for cyclic Steiner systems.
A Steiner system S(2,k,n) is a pair (V,B); V is a set of n elements and B is a
collection of subsets of V each of cardinality k called blocks. Each pair of elements
of V appears in precisely one block. Thus, a Steiner system is just a uniform
linear hypergraph, that is, all the edges have the same cardinality. A Steiner
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system S5(2, k,n) is cyclic if its element set is {0,1,...,n — 1} and the mapping
t—%+1 mod n is an automorphism. Using Brooks’ theorem Colbourn and
Colbourn were able to prove

Theorem 17.22 ([7]) If S(2,k,n) is a cyclic Steiner sg)stemi, then
' X8(3(2$ k»”)) < T ‘

Chang and Lawler established an upper bound for the chromatic index of a
linear hypergraph in terms of its number of vertices.

Theorem 17.23 ([5]) If H is a linear hypergraph, then . (H) < 3|vy| —2.

- This bound was obtained by using a greedy procedure to colour the edges

of size at most three and a counting: argument for the uncoloured part. 6f the-

hypergraph. It has some similarity with Shannon’s inequality for the chromatic
index of graphs [28]. i85 : '

Later, Kahn [19] proved that Conjecture 17.6 is asymptotically correct, based

upon a probabilistic technique developed by Rédl [25] to prove.the existence
of a large matching in a hypergraph with certain regularity propertiesi QOne

generalization of RSdl’s result is due to Pippenger and Spencer [24]. Kahn

.

generalized significantly the main result in [24] dealing with the ch;omatlé index -

of uniform hypergraphs, and then he used it to prove ‘
Tl'leorem 17.24 ([19]) If H is a linear hypergraph, then Xe(H) =n+ o(n).

Kahn and Seymour [21] proved a relaxation of the conjecture that had been
proposed in [27], namely, the fractional version of the dual £FL-conjecture. Let
R+ be the set of non-negative real numbers and let My be the set of matchings
of a linear hypergraph H. ' SRR

Theorem 17.25 (Fractional EFL* [21]) Let H be a linear hypergraph. There is

a function f: My — R satisfying:

L ZMGMu f(M) < IVH‘: and -
2. for every edge e € £y, 2omem, F(M) > 1, where M, is the set of matchings

in M3 containing the edge e.
This result was proved using a lemma due to Motzkin:

Lemma 17.26 ([23]) Let G be a simple bipartite graph with bipartition (X,Y),
such that X # @ and no verter in X is adjacent to every verter in Y. Then,
there ezist z € X andy € Y such that ¢ and y are not adjacent and [Y|da(y) <

| X|da(z).
It is easy to see that the dual EF L-conjecture is equivalent to the assertion
that the function f in the fractional £FL* may be chosen 0,1-valued. Dy Linear

Programming duality (see [6, Chapter 5]) the fractional EFL* is equivalent to

haged
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(@ - M
Fic. 17.1. The beauty of Fano.

Theorem 17.27 ([21]) Let H be a linear hypergraph, and let p: £y — Rt

satisfy > eem P(€) <1 for every matching M. Then D ece,, P(€) < |[Vn|.

. Quite recently, Sénchez-Arroyo [26] solved the conjecture for dense, linear
hype_rgraphs', 'with_ the novelty that his approach was through the vertex colour-
ing version, as stated in Conjecture 17.7. : : :

Call a hypergraph X dense if its minimum degree, 6(H), is greater than
/|€x|. Among the possible examples of dense linear hypergraphs we have all
finite projective planes, a conspicuous one being Fano’s configuration. Figure
17.1(a) shows a linear, intersecting hypergraph H with seven edges (six straight
lings and one circle), each with seven vertices, for a total of 35 vertices. Removing
from H the vertices with degree one we obtain a dense hypergraph (Fano) as
shown in Figure 17.1(b); it is regular of degree three. ‘

One can prove Conjecture 17.7 for dense hypergraphs using the greedy
algorithm to colour the vertices in descending order. according to the degree
sequence of the hypergraph, as used by Welsh and Powell in [31].5:...

Theorem 17.28 ([26]) “Let H be a dense linear hypergraph, consisting of n edges,
each of size at most n — 1, with §(H) > 2. Then x(H) < n. : _

17.5 " Related.p‘robléms o

In this last section, we state the results known to us for Conjecture 17.15, and
present some new problems. % e 5%, _

17.5.1  On the linear hypergraph conjecture
From a counting argument and Brooks’ theorem we get
Remark 17.29 Let H be a linear r-uniform hypergraph, with maximum degree

A(H) <r. Then x.(H) < A(H<zs), equality holding if # is a projective plane
or an odd cycle. :

An interesting application of edge colourings of graphs was described by
Berge and Hilton [3].

Theorem 17.30 ([3]) Let H be a linear hypergraph with no repeated loops,
in which the set of edges of cardinalily greater than two is a matching. Then
Xe(H) < A(H<2s).
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The idea of the proof is to choose an appropriate matching, M = M; U M,
of H, where M, is the matching formed by the edges of cardinality greater than
two, and M is a maximal matching of the remaining hypergraph after removing
all edges touching M, and the vertices contained in edges of M. Now it is easy
to colour the graph obtained from H by removing the edges of M> using the
fact, due to Fournier [12], that if G is a simple graph and the subgraph induced
by the vertices of mazimum degree A(G) is a forest then x.(G) = A(G) (for a
proof of this result see [11]).

Following a suggestion by Berge[2], both Fiiredi [13],. and Kahn, Lovész,

and Seymour, as reported in [21], proved the Linear Hypergraph Conjecture
for intersecting hypergraphs. The proof is a consequence of Lemma 17.26. Let
 Ag(H) denote the maximum size of a pairwise intersecting set of edges in H.

Theorem 17.31 ([21]) If H is a linear hypergraph, then Ag(H) < A(Hcss). ;
The proof goes as follows: First, the bipartite graph representing the hyper»s: =

graph (N, &) is constructed, where = € Vy is a vertex of maximum degree,
and N is its neighbourhood in the graph H<s>. Then, after disposing of some
easy cases, it is possible to apply Lemma 17.26 to obtain the result.

A partial hypergraph of a. hypergraph H is the hypergraph #’ that arises by

selecting a subset of edges from H, the union of those edges being:the set of

vertices of H’'. Jackson, Sethuraman and Whitehead obtained

Theorem 17.32 ([18]) Let H be a loopless linear hypergraph and let H' be the
partial hypergraph of H determined by the edges of size at least three. If H’
satzsﬁes xe('H’ ) = AO(H’ ) = A(H') and A(H') < 3, then xe(H) < |Vi|.

1752 New problems as Bl

Problem 17.33 How easy is 1t to determine x&(G, A) for a szmple graph G and
independent set A?

Problem 17.34 Find bounds for x:(G, A).

Problem 17.35 Consider a simple bipartite graph G = (V(G),E(G)) with
bipartition (A, B). What conditions must be satisfied by G in order to have a
hybrid edge colouring with respect to A using at most |B| colours?

Obviously, this latter problem is posed when |A| > |B|, as otherwise we
trivially obtain a hybrid |A|-edge colouring of G by assigning colour i to the
edges of the star centred at vertex z; of 4, for ¢ =1,...,|A|; since G is simple
each star centred at a vertex of B is heterochromatic.

To close this section we pose a counting problem related to the topics so far
seen. Let w(n) be the number of linear, intersecting hypergraphs with n edges,
each edge of size n. By hand, one can find that w(2) =1, w(3) =2, w(4) = 3,

wib} = 5, o8) =18, and wf’ﬂ == 27. However, going ffwthcr seems difficult.

Problem 17.36 Determine w(n) for all n.
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