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Introduction

This is a brief overview of the material needed to define a version of the
Maslov index. This will be used in following presentations. The following
can be found in [1], [2] and is followed closely. The author makes no claims
of originality.
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Outline

@ Vector Bundles

© Maslov Index
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Smooth Vector Bundles

Let M be a smooth n-manifold.

A (real, smooth) vector bundle of rank k over M is a smooth manifold
E with a smooth map E = M such that:

@ All fibers E, are real k-vector spaces,
@ For p € M there exists a neighborhood U and a diffeomorphism
7 1(V) ®, U x R¥ such that: =— catud) \mod Avndalizeders,

o Tyod =,
o For each g € U the restriction ® to E, is a vector space isomorphism
E, — {q} x Rk = Rk,

T e\ e Shmon b oo sneeatN 2026020%0N

Think of the tangent or cotangent bundles of M!
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Symplectic Vector Bundle

Let E = M be a vector bundle.

E is a symplectic vector bundle if there exists a family of symplectic

forms
E,x E, %R (1)

on each fiber that varies smoothly in p.

These fit together to give an w € I'(E* A E*) that is non-degenerate.

Again, think of the tangent bundle of a symplectic manifold M!
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Vector Bundle Constructions

Subbundles:
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Vector Bundle Constructions Cont.

Pullback Bundles: L
iCs N\ o WO&&/ c‘, N_%”kﬂ 2o YT -
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A Quick Lemma

A symplectic vector bundle E over a compact oriented 2-manifold ¥ with
non-empty boundary 0¥ has a symplectic trivialization.

What is meant by a symplectic trivialization?
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Maslov Index

Let (R?",wp) be the standard symplectic space. Consider the Lagrangian

Grassmanian:
A(n) = {V : V C R?"is Lagrangian}. (2)

Consider C" 22 R?" under the standard identification. It can be shown any
V € A(n) can be written as A-R” for A € U(n). Clearly A-R" =R" if
and only if A € O(n). Hence

A(n) = U(n)/O(n). (3)

For a loop S 5 A(n) we define the Maslov index as

p(v) = deg|(det) o 1]. (4)

o
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Totally Real Subspaces

A real subspace V C C" is totally real if VN iV = {0} and dimg V = n.
Let R(n) be the set of totally real subspaces.

It can be shown any such V can be written V = A - R" for some
A € GL(n,C). Also A;R" = A;R" if and only if A;'A; € GL(n,R). Hence

R(n) = GL(n,C)/GL(n,R). (5)
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Generalizing The Maslov Index

Lemma

Let

R(n) = {D € GL(n,C) : DD = I,}. (6)
Then

R(n) S R(n) : A-R"— A 1A (7)
is a diffeomorphism with respect to the standard smooth structures.

v
Corollary

Let A(n) = B(A(n)), or equivalently,

A(n) = {D € U(n) : D = D}. (8)

Then B|ny is a diffeomorphism.
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Generalizing The Maslov Index Cont.

This is a generalization of the Maslov index to loops through totally real
subspaces:

Definition

Let ST % R(n) be a loop. The generalized Maslov index p(7) is the
winding number of

detoBo~: St — C — {0} (9)

o
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Symplectic Bundle Pairs

Let X be a oriented compact surface with boundary 9% and h the number

of cennection components of 0.
(pema ool

Definition

A symplectic bundle pair is a pair (V, \) over (¥,0%) where V — ¥ is a
symplectic bundle and A — 0% is a Lagrangian subbundle of V|g5.

Fix a trivialization V % ¥ x (R?" wp). Then the restriction W(\|s.x) gives
a loop

st Y2 An). (10)
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How do we get the loop?
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Maslov Index of (V, A)

Let (W, 0,) = p(y ):
The Maslov index of the symplectic bundle pair (V, ) is

h

V) = 3 (W, 9;5). (11)
=1

V.

See w [2] F g o g (V)0) e
\qu\m & Aeiniadlznden N
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Maslov Index of a Smooth Map (¥, 0%) LN (M, L)

Suppose we have a smooth map (X, 0%) L (M, L) such that M is
symplectic and L C M is Lagrangian. We now have a symplectic bundle
pair

(F*TM, f*|ox TL) (12)

associated to (X, 0%).

Definition
The Maslov index of f is

pe(f) = p(fTM, a5 TL). (13)

We note i (f) is invariant under homotopy of f.
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