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1. Introduction

Given an undirected graph G = (V, E), the vertex col-
oring problem (VCP) requires to assign a color to each
vertex in such a way that colors on adjacent ver-
tices are different and the number of colors used is
minimized.

Vertex coloring is a well-known NP-hard problem
(see Garey and Johnson 1979) with real-world appli-
cations in many engineering fields, including schedul-
ing (Leighton 1979), timetabling (de Werra 1985),
register allocation (Chow and Hennessy 1990), fre-
quency assignment (Gamst 1986), and communica-
tion networks (Woo et al. 2002). This suggests that
effective algorithms would be of great importance.
Despite VCP’s relevance, few exact algorithms have
been proposed and are able to solve consistently only
small instances (see Sager and Lin 1991, Mehrotra
and Trick 1996, Sewell 1996, Diaz and Zabala 2002
for computational results on benchmark instances).
On the other hand, several heuristic and metaheuris-
tic algorithms have been proposed that are able to
deal with graphs of hundreds or thousands of ver-
tices. We review below, after some useful definitions,
the most important classes of known heuristics and
metaheuristics proposed for VCP.

Let n and m be the cardinalities of vertex set V and
edge set E, respectively; let 6(v) be the degree of a
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given vertex v. A subset of V is called an independent
set if no two adjacent vertices belong to it. A clique of
a graph G is a complete subgraph of G. A k coloring
of G is a partition of V into k independent sets. An
optimal coloring of G is a k coloring with the smallest
possible value of k (the chromatic number x(G) of G).
The chromatic degree of a vertex is the number of dif-
ferent colors of its adjacent vertices.

The first approaches to VCP were based on greedy
constructive algorithms. These algorithms sequen-
tially color the vertices of the graph, following some
rule for choosing the next vertex to color and the
color to use. They are generally very fast but produce
poor results that can be very sensitive to some input
parameter, like the ordering of the vertices. Beyond
the simple greedy sequential algorithm (SEQ), the best-
known techniques are the maximum saturation degree
(DSATUR) and the recursive largest first (RLF) pro-
cedures proposed by Brelaz (1979) and by Leighton
(1979), respectively (see §1.2.1 for a short descrip-
tion of these algorithms). Culberson and Luo (1996)
proposed the iterated greedy algorithm (IG), which
can be combined with various techniques. Bollobas
and Thomason (1985) proposed the algorithm MAXIS
that recursively selects the maximum independent set
from the set of uncolored vertices.
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Many effective metaheuristic algorithms have been
proposed for VCP. They are mainly based on sim-
ulated annealing (Johnson et al. 1991 compared
different neighborhoods and presented extensive com-
putational results on random graphs; Morgenstern
1996 proposed a very effective neighborhood search)
or tabu search (Hertz and de Werra 1987, Dorne and
Hao 1998). Caramia and Dell’Olmo (1999) proposed a
local search with priorities rules, inspired from tabu
search techniques. Funabiki and Higashino (2000)
proposed one of the most effective algorithms for
the problem, which combines a tabu search tech-
nique with different heuristic procedures, color fix-
ing, and solution recombination in the attempt to
expand a feasible partial coloring to a complete col-
oring. Hybrid algorithms integrating local search and
diversification via crossover operators were proposed
(Fleurent and Ferland 1996; Galinier and Hao 1999
proposed to combine an effective crossover operator
with tabu search), showing that diversification is able
to improve the performance of local search.

This paper is organized as follows: In the remain-
ing part of this section, a new two-phase heuris-
tic approach for VCP is presented. Sections 2 and 3
describe the first phase, which is based on an evolu-
tionary algorithm, and the second phase, which is a
postoptimization procedure based on the set covering
formulation of the problem, respectively. Extensive
computational experiments on literature instances are
presented in §4. Concluding remarks are discussed
in §5.

1.1. The Heuristic Algorithm MMT

The approach we propose performs, in sequence, an
initialization step and two optimization phases. In the
initialization step, some fast lower bounding proce-
dures and greedy heuristics from the literature are
executed to derive a lower and an upper bound
(LB and UB, respectively) on the optimal solution
value. In the first optimization phase, an evolution-
ary algorithm is executed. This algorithm works in
decision version (i.e., given as input the number k of
colors to use, it looks for a k coloring in the graph G),
trying to improve on the best solution found by the
greedy procedures executed in the initialization step.
Sometimes the evolutionary algorithm is able to find a
solution that can be proved to be optimal; in any case,
this algorithm generally improves the best incumbent
solution and, during the search, generates a very large
number of independent sets. When optimality of the
incumbent solution is not proved, such independent
sets are stored in a family &'. The second optimization
phase (column optimization) considers the set covering
problem (SCP) in which each column has cost equal
to one and corresponds to an independent set in &,
and each row corresponds to a vertex in V' (thus, each

feasible solution of SCP corresponds to a feasible solu-
tion of VCP). Such SCP is heuristically solved through
the Lagrangian heuristic algorithm CFT proposed by
Caprara et al. (1999), improving many times the best
incumbent solution.

Both optimization phases can be stopped as soon as
a solution which is proven to be optimal is found, i.e.,
if its value is equal to a lower bound for the original
problem.

The overall algorithm MMT is structured as follows:

begin
Initialization step
1. compute lower bound LB;
2. compute upper bound UB; if LB = UB stop;
3. ¥ =g
Phase 1: Evolutionary algorithm
(evolutionary generation)
4. while (not time limit)
apply evolutionary algorithm;
update UB and ¥’;
if LB = UB stop
5. endwhile;
Phase 2: Column optimization
6. apply heuristic algorithm CFT to the set covering
instance corresponding to subfamily & with
a given time limit (possibly updating UB)
end.

1.2. Initialization Step

We compute a fast lower bound LB as the cardinal-
ity of a maximal clique of G obtained by executing
a greedy algorithm having time complexity O(n?).
Although this is a straightforward lower bound for
the problem, our computational experiments (see §4)
show that it can be computed in negligible time and,
for some instances, it allows to prove optimality of
the best solution found.

1.2.1. Upper Bounding. To derive an initial upper
bound UB for the problem, we perform one iteration
of the greedy procedures SEQ, DSATUR, and RLF (see
Johnson et al. 1991).

SEQ is the simplest greedy algorithm for VCP.
Assume that the vertices are labelled vy, ..., v,. Ver-
tex v; is assigned to the first color class, and there-
after vertex v; (i=2,...,n) is assigned to the lowest
indexed color class that contains no vertices adja-
cent to v;.

DSATUR (see Brelaz 1979, Johnson et al. 1991) is
similar to SEQ but dynamically chooses the vertex to
color next, picking the first vertex that is adjacent to
the largest number of distinctly colored vertices (i.e.,
the vertex with maximum chromatic degree).

The recursive largest first (RLF) algorithm (see
Leighton 1979, Johnson et al. 1991) colors the vertices,
one class at a time, in the following greedy way. Let
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C be the next color class to be constructed, V' the set
of uncolored vertices that can legally be placed in C,
and U the set (initially empty) of uncolored vertices
that can not legally be placed in C.

¢ Choose the first (according to the labelling
vy, ..., 0) vertex v € V' that has the maximum num-
ber of adjacent vertices in V'. Place v in C and move
all the vertices u € V' that are adjacent to v from
V' to U.

* While V' remains nonempty, do the following:
choose the first vertex v € V' that has the maximum
number of adjacent vertices in U; add v to C and
move all the vertices 1 € V' that are adjacent to v from
V' to U.

We use algorithms SEQ and DSATUR also dur-
ing the initialization of the evolutionary algorithm
(see §2.2.1).

1.2.2. Complexity. The time complexity of the ini-
tialization procedure is analyzed in the following.

¢ In the implementation of the SEQ algorithm, a
data structure of size O(n?) is used to store, for every
vertex v; and for every color h, if at least one ver-
tex adjacent to v; has color h. When trying to assign
vertex v; to a color class, the algorithm checks in this
data structure if the color is available for v,. So, the
algorithm has to check O(n) colors for n vertices, with
a total time complexity of O(n?). Every time a new
vertex is colored, the information stored in the data
structure is updated for all its adjacent vertices, with a
total complexity of O(m). The overall time complexity
of the SEQ algorithm is O(n?).

¢ The DSATUR algorithm uses the same data struc-
ture, the only difference being that for n times,
the vertex with the maximum chromatic degree is
picked (with total complexity of O(n?)). The update
of the chromatic degree for every vertex is performed
together with the update of the data structure, and the
corresponding total complexity is O(m). The overall
time complexity of the DSATUR algorithm is O(n?).

e The RLF algorithm chooses every time the next
vertex to be colored as the vertex v; with the maxi-
mum number of adjacent vertices (in V' or in U), with
a total complexity of O(n?). For every chosen vertex v;,
all its adjacent vertices v; are moved in U with a total
complexity of O(m). Every time one adjacent vertex
v; is moved, its adjacent vertices are adjacent to one
more vertex in U. The update of this information has a
total complexity of O(m?/n) because for every chosen
vertex, the algorithm has to retrieve all its adjacent ver-
tices and all the vertices adjacent to them. The overall
complexity of the RLF algorithm is O(m?/n).

2. Phase 1: Evolutionary Algorithm

To find high-quality solutions, our first idea was to
use a tabu search procedure, a metaheuristic tech-
nique that showed a very good experimental behavior

on hard combinatorial optimization problems. The
first results were quite encouraging but showed some
drawbacks of our approach. In particular, for several
instances, the tabu search procedure was unable to
explore different regions of the whole solution space.
So we decided to use it as a component of a more
complex evolutionary algorithm.

2.1. Tabu Search Algorithm

A local search procedure can be seen as the result of
three main components: (i) the definition of a solu-
tion S; (ii) the solution evaluating function f(S); and
(iii) the solution neighborhood N(S). In the simple
local search procedures, given a solution S, the algo-
rithm explores its neighborhood N(S) and moves to
the best (according to the evaluating function f(S))
improving solution S’ € N(S). If a solution S is the
best of its neighborhood, i.e., it is a local optimum,
the local search algorithm is not able to move and
the search is stopped. In tabu search procedures (see
Glover and Laguna 1997), to avoid local optimum
traps, the algorithm moves to the best solution S’
in the neighborhood, even if it is not improving the
current solution. To avoid cycling, some attributes of
solution S’ are stored in a tabu list; for a specified
number of iterations (the so-called tabu tenure), a solu-
tion that presents tabu attributes is declared tabu and
is not considered, except in the case where it would
improve the best incumbent solution (aspiration crite-
rion). Most of the tabu search algorithms proposed so
far for VCP move between infeasible solutions; i.e.,
they partition the set V in subsets that are not nec-
essary independent sets, trying to reduce the num-
ber of infeasibilities in every subset. Following an
idea by Morgenstern (1996), we propose a tabu search
procedure which moves between partial feasible color-
ings, i.e., solutions in which each vertex subset is an
independent set but not all vertices are assigned to
subsets. Morgenstern (1996) defines the impasse class
neighborhood, a structure used to improve a partial k
coloring to a complete coloring of the same value. The
impasse class requires a target value k for the num-
ber of colors to be used. A solution S is a partition
of V in k+1 color classes {V;, ..., V;, Vi1} in which
all classes, but possibly the last one, are independent
sets. This means that the first k classes constitute a
partial feasible k coloring, while all vertices that do
not fit in the first k classes are in the last one. Making
this last class empty gives a complete feasible k color-
ing. To move from a solution S to a new solution 5’ €
N(S), one can randomly choose an uncolored vertex
v e V,,4, assign v to a different color class, say h, and
move to class k + 1 all vertices v’ in class & that are
adjacent to v. This ensures that color class & remains
feasible. Class h is chosen by comparing different tar-
get classes by means of the evaluating function f(S).
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Rather than simply minimizing |V,,|, it seems a bet-
ter idea to minimize the value:

f&)= 2 8). 1)

v€Viey

This forces vertices having small degree, which are
easier to color, to enter class k+ 1. Morgenstern (1996)
uses the impasse class neighborhood together with a
procedure for the recombination of the solutions to
build a simulated annealing algorithm. We use the
same neighborhood within a tabu search approach.
At every iteration, we move from a solution S to the
best solution S’ € N(S) (even if f(S) < f(5')). To avoid
cycling, we use the following tabu rule: A vertex v can
not take the same color / that it took at least one of the
last T iterations; for this purpose, we store in a tabu
list the pair (v, h). While pair (v, h) remains in the
tabu list, vertex v cannot be assigned to color class h.
We also use an aspiration criterion: A tabu move can be
performed if it improves on the best solution encoun-
tered so far. A tabu search algorithm based on the
same neighborhood structure was experimented by
Blochliger and Zufferey (2008): differently from our
choice to select at random the next vertex to color,
in their work, the next vertex to color is selected so
that it, entering the best color class, produces the best
solution in the neighborhood. This approach increases
the size of the neighborhood, reducing at the same
time the randomness introduced in the search. Thus,
to avoid premature convergence, the authors use an
evaluating function that simply minimizes |V;,|.

Our tabu search algorithm takes in input: (i) graph
G(V,E); (ii) the target value k for the coloring;
(iii) a feasible partial k coloring; (iv) the maximum
number L of iterations to be performed; and (v) the
tabu tenure T.

If the algorithm solves the problem within L itera-
tions, it gives on output a feasible coloring of value
k; otherwise, it gives on output the best scored partial
coloring found during the search.

Let S be the current solution and S* the best incum-
bent solution. The tabu search algorithm works as
follows:

begin
1. initialize a solution S:={V,, ..., V¢, Vi1 };
2. §%:=8§;

3. tabu list := @,

4. for (iterations =1 to L)

5. randomly select an uncolored vertex v e V;_4;

6. foreachje({l,...,k} (explore the
neighborhood of S)

7. Vi=V\|weV;: (v, w) e E}U{v};

8. Vig i =Via\vlU{we V;: (v, w) e E};
9. Sj = S\{Vj/VkH}U{Vj//Vk/H}

10. end for;

11. h:= argminie{lwk}{f(sj): (v, ) & tabu list
or £(5) < f(S));

12.  if no such & exists then
h:=argmin, , . f(5);

13.  S:=S5;;

14.  insert (v, h) in tabu list, (v, h) is tabu for
T iterations;

15. if f(S) < f(5*) then 5*:=§S;

16. if V,,, =@ then return S*

17. end for;

18. return S*

end.

At line 11, we try to select the best color class which
improves on the best solution so far or does not rep-
resent a tabu move. If all moves are tabu, at line 12
we simply select the best color class.

Our tabu search algorithm is very simple and
requires as a parameter to be experimentally tuned
only the tabu tenure T. At the same time, it has a good
experimental behavior as it is often able to find good
solutions in very short computing times. Computa-
tional experiments showed that the algorithm gener-
ally needs a small number of iterations to solve the
problem, and when this does not occur, seldom is the
algorithm able to solve the problem even if a big-
ger number of iterations is allowed. This behavior
can be explained by the aggressive strategy adopted:
We start with a partial feasible coloring and itera-
tively try to insert uncolored vertices in color classes.
If a colored vertex is not conflicting (adjacent) with
an uncolored one, its color is not changed, and pos-
sibly it will never be changed during the execution
of the algorithm. The main drawback of this strategy
is that in some cases it is not able to explore differ-
ent regions of the whole solution space. This can be
explained with an example: Suppose that a pair of
vertices belonging to different color classes are not
conflicting with any of the uncolored vertices nor con-
flicting each other. Their assignment to a color class
will never be changed, and the algorithm will not
explore the feasible solutions where the two vertices
are in the same class. This consideration suggests that
this tabu search scheme could be much more effective
if combined with a suitable diversification strategy.

2.1.1. Complexity. The tabu search procedure rep-
resents the most time-consuming part of the proposed
approach. Actually, millions of tabu search iterations
are performed to color hard instances. An iteration
is composed by four main operations: (i) the random
choice of the vertex v to color, performed in constant
time; (ii) the computation of how much it would cost
(according to the evaluating function (1)) to insert v
in each color class, requiring the retrieval of all the
vertices adjacent to v, with an average complexity of
O(m/n) (O(n) if the graph is complete); (iii) the choice
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of the best color class V), which is not tabu with a
complexity of O(k); and (iv) the update of the current
coloring (i.e., the movement of the vertices adjacent
to v, which are in color class V, to color class V, ),
requiring the retrieval of all the vertices adjacent to v,
performed on average in O(m/n) (in O(n) if the graph
is complete). Thus, the total time complexity of one
tabu search iteration is O(n) in the worst case.

2.2. Evolutionary Diversification

To improve the performance of the tabu search pro-
cedure, we use it together with a diversification oper-
ator, trying to extend the search to the whole solution
space. Diversification is usually used in genetic algo-
rithms, in which a pool of solutions (population) is
stored during the computation. Solutions in the pool
evolve through interactions with other solutions dur-
ing the diversification phase when they mix together
(parent solutions) to generate new solutions (offspring).
In addition, they evolve by themselves during the
mutation phase when, to avoid premature convergence
and to preserve diversity, they are randomly per-
turbed. In general, solutions in the pool are improved
by using some local search technique. Every solution
is evaluated according to a fitness function so that
when new good solutions are generated, the worst
solutions can be removed from the population. As
shown by Davis (1998), the classical genetic algo-
rithms give poor results for VCP.

A recent development of these algorithms is rep-
resented by evolutionary algorithms. In this case, the
evolution of the population is obtained by means of
two elements: an efficient local search procedure and
a specialized crossover operator. The crossover opera-
tor should be able to create new and potentially good
solutions, to be improved through the local search
procedure. For this reason, it cannot be a general
operator, but it must be designed specifically for the
considered problem. In addition, it must be able to
transmit interesting properties from parents to new
offspring. The main idea behind the use of a special-
ized crossover operator is that good solutions share
part of their structure with optimal ones, and a spe-
cialized crossover should be able to identify proper-
ties that are meaningful for the problem.

In our algorithm, we start with an initial pool of
partial feasible solutions of value k (in the following,
simply solutions) obtained by using different methods
(greedy and tabu search procedures initialized with
different parameters). Then, we apply the tabu search
algorithm to improve these solutions during the local
search phase. We implemented a variation of the spe-
cialized crossover operator greedy partition crossover
proposed by Galinier and Hao (1999) to generate new
solutions and diversify the search. Our purpose is to

extend a feasible partial k coloring to a complete col-
oring. The general procedure is summarized as fol-
lows: Given a pool of solutions, we randomly choose
two parents from the pool and generate an offspring,
which is improved by means of the tabu search algo-
rithm described in §2.1 and finally inserted in the
pool, deleting the worst parent. After the initializa-
tion, the generation-improvement-insertion procedure
is iterated until the problem is solved (i.e., a partial
feasible solution is extended to a complete solution)
or the number of iterations equals a given threshold.

2.2.1. Initialization. We initialize the pool by
generating PS initial solutions (partial feasible k
colorings). In this phase, it is crucial to start with solu-
tions that are far from each other, thus exploring the
whole search space and avoiding premature conver-
gence of the search. For this purpose, we generate the
initial pool by using three different algorithms: (i) the
sequential algorithm SEQ applied with different ran-
dom orderings of the vertices to generate the first
third of the solutions in the pool; (ii) the maximum
saturation degree algorithm DSATUR applied with
different random orderings of the vertices to gener-
ate the second third of the solutions in the pool; and
(iii) the tabu search algorithm applied starting from a
dummy solution (all vertices in class k +1) to generate
the last third of the solutions in the pool (the random
choice of the next vertex to color in the tabu search
procedure leads the algorithm to obtain different ini-
tial partial colorings).

For each application of both SEQ and DSATUR,
only the first k color classes are considered (the
remaining vertices are inserted in class k + 1). Every
initial solution is improved with tabu search before
being inserted in the pool. The use of an offline pro-
cedure to compute diversity in the pool confirms that
this choice is able to generate a well-diversified pool.

2.2.2. Crossover Operator. Given two parent solu-
tions randomly chosen from the pool, the crossover
operator generates an offspring sharing “interesting
properties” with the parents. A solution is a parti-
tion of the vertices in k + 1 sets, where the first k are
independent sets. It seems reasonable that interesting
structures of the parents could be identified in these
independent sets (in the following, we will refer to
independent sets or color classes). Galinier and Hao
(1999) proposed a crossover operator that, given two
parents (partition of the vertices in k sets, not neces-
sarily independent), alternatively considers each par-
ent to generate the next color class of the offspring
in this way: The color class of maximum cardinal-
ity of the considered parent becomes the next color
class of the offspring and all the vertices in this color
class are deleted from both parents. When k steps
are performed, some vertices are possibly unassigned.
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These vertices are then assigned to a randomly chosen
class. We modified this operator according to our
purpose. Indeed, in our case, the offspring must be
a (possibly partial) k coloring. Given two parents
St =A{v},...,V}, Vi) and S* =(V}, ..., V2, V2.,
the crossover operator outputs the offspring S° =
{(VP,..., V2, V2.,} as follows:

begin
1. CurrentColor :=1;
2. while (CurrentColor <k and V' U---UV!U
VEU---UV2#2)
A := SelectParent();
VgurrentColur =
remove the vertices of V/ from S! and S%
CurrentColor := Currentcolor +1
end while;
for each vertex ve V\(VU---UVP) try to
color v in a greedy way (i.e., try to insert v
in one of the k color classes V7, ..., V});
10. Vk3+1 =V\(VPU---UVP)
end.

I L

Function SelectParent(), which returns the parent cho-
sen to generate the next color class, works as follows:

begin

1. if (V}, ..., V) #@ and (V7, ..., V}) # 2) then
2. if CurrentColor is odd then A:=1 else A:=2
3. else if (V!,...,V/})# @ then A:=1else A:=2
end.

This function takes into account that one parent can
terminate the available colored vertices. In this case,
it considers only color classes from the parent who
still has colored vertices. When both parents termi-
nate the available colored vertices or the offspring has
used k colors, we try to insert each uncolored vertex v
in one of the offspring color classes in the following
sequential greedy way:

begin

1. for each color class h=1, ...,k

2. if Awe V}: (v, w) € E then V) :=V} U {0}
and exit

3. end for

end.

2.2.3. Solution Evaluation. The quality (score) of
every solution S in the pool is evaluated through the
function f(S) defined by Equation (1) and used dur-
ing the tabu search algorithm. This allows us to com-
pare the solutions and to tune the quality of the pool
during the computation.

2.2.4. Pool Update. We say that two solutions are
similar if they have the same score and the same num-
ber of uncolored vertices.

For pool updating, every offspring is first of all
improved by means of the tabu search algorithm and
then inserted in the pool, substituting the worst par-
ent. If the offspring is similar to one of the parents or
to a solution in the pool, with a probability pgpeeqy Pro-
portional to the percentage number of colored vertices
in the population, we do not insert the offspring in the
population, but we insert a completely new greedy
solution, avoiding premature convergence. This new
solution is built by using a sequential greedy algo-
rithm that gives priority to the vertices that, during
the computation, were more often left uncolored (i.e.,
inserted in class k 4 1). We call this algorithm priority
greedy. More in detail, we order the vertices accord-
ing to nonincreasing values of the number of times
they were left uncolored in the pool. We locally per-
turb this ordering: With a probability p = 0.5, we swap
every vertex with the next one in the ordering and
then apply the SEQ algorithm. This perturbation pre-
vents the generation of the same coloring at different
calls of the SEQ algorithm. In this way, we build dif-
ferent solutions where vertices that were more often
left uncolored are in color classes of low order, while
in class k41 we have vertices more often colored dur-
ing the computation (see how SEQ works).

To summarize, our evolutionary algorithm (EA)
takes in input: (i) graph G(V, E); (ii) the target value k
for the coloring; (iii) the maximum number L of tabu
search iterations between the application of two con-
secutive crossover operators; (iv) the cardinality of the
pool PS ; (v) the tabu tenure T; and (vi) the timelimit.
The algorithm works as follows:

begin
. generate the initial pool of solutions;
2. if 35" € pool: V', = @ then stop;
3. while (not timelimit)
4. randomly select two solutions S' and §* from
the pool;
5.  generate S*:= Crossover(S', §%);
6. if V., =@ then stop;
Improve the offspring
7.  S3:=TabuSearch(S®);
8. if Vk3+l = o then stop;
Update the pool
9. if $® is similar to a solution in the pool then
with probability pyreeqy,
set §* := PriorityGreedy();

10.  if V? , =@ then stop;

—_

11. insert S in the pool, delete the worst parent
12. end while
end.

2.3. Evolutionary Algorithm as Part of

the Overall Algorithm
As anticipated in the previous section, we apply our
evolutionary algorithm (EA) in the first phase of the
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overall algorithm MMT. It must be noted that EA
works in decision version, while we are approaching
the problem from the optimization point of view. In
other words, EA requires as input the value k (the
number of colors to be used) while we are trying to
minimize this value. To solve this problem, we use the
information obtained from the initial greedy heuris-
tics: If the current upper bound UB for the problem is
k+1, we apply EA with k as input parameter. If EA
solves the problem for the target value k within the
given timelimit, we apply it again with k —1 as input
parameter and iterate until EA is unable to solve the
problem.

EA is very effective but largely dependent on the
input parameters, i.e., L (number of tabu search iter-
ations between two crossover steps) and PS (size of
the pool). Computational experiments (see §4.1) show
that difficult instances require a longer tabu search
phase and the use of a wider population. In general,
high-density graphs with many vertices tend to be
difficult to color, but there seems to exist no explicit
correlation between effective input parameters and
some intrinsic property of the graph.

Thus, we implemented a procedure that dynam-
ically modifies these input parameters for every
execution of EA, based on the results obtained in
the previous execution. Suppose we are solving an
instance using k colors: If the algorithm finds a solu-
tion within UpdateLimit applications of the crossover
operator, we consider the instance to be easy, and we
do not update the input parameters when trying to
solve the same instance using k —1 colors. Otherwise,
we increase the values of L and PS of A; and Apg,
respectively. UpdateLimit is a parameter dependent
on the graph properties (see computational analysis
in §4).

3. Phase 2: Column Optimization

If the incumbent solution found in Phase 1 (i.e., dur-
ing the execution of EA) is not proved to be optimal,
a further optimization phase is executed to improve
the value of the solution. This phase is based on an
integer linear programming (ILP) formulation of VCP
and uses a subset of the independent sets found by
EA during Phase 1.

A natural ILP model for VCP is the one having a
binary variable for each independent set and a con-
straint for each vertex. This model is often referred
to as the set covering (or set partitioning) formulation.
The relevance of this model lays in the fact that it can
describe all those problems in which one is required
to partition a given set of items into subsets hav-
ing special features and minimizing the sum of the
costs associated with the subsets. This formulation
has been used to solve exactly VCP by Mehrotra and

Trick (1996), in which a column generation method
for implicit optimization of the linear program at each
node of a branch-and-bound tree is used.

Let & be the family of all the independent sets of G.
Each independent set (column) s € & has associated a
binary variable x, having value one iff all the vertices
of s receive the same color. VCP can be formulated as
follows:

min ) _ x, )
Y ox =1 (ieV) ®3)
xbj e {b, 1} (se ). 4)

The objective function (2) asks to minimize the total
number of independent sets (and hence of colors)
used. Constraints (3) state that every vertex i in the
graph must belong to at least one independent set
(i.e., must receive at least one color). Indeed, if a ver-
tex i is assigned to more than one independent set
in a feasible solution, it can be removed from all the
independent sets but one (in other words, if a vertex
is assigned to more than one color, a feasible solu-
tion of the same value can be obtained using any one
of these colors for the vertex). Finally, constraints (4)
impose variables x, to be binary.

The advantage of the set covering formulation with
respect to alternative descriptive formulations is that
it avoids symmetries in the solution and its contin-
uous relaxation leads to tighter lower bounds. The
main drawbacks are that the number of variables
can grow exponentially with the cardinality of ver-
tex set V (even if one is allowed to consider only the
maximal independent sets in the definition of &) and
that SCP is an NP-hard problem whose exact solu-
tion could require very large computing times. Our
approach to the problem is heuristic in the sense that
during Phase 1 we store only a subfamily &' C %
of all the independent sets of graph G, and that in
Phase 2 we solve the model (Equations (2)—(4)) cor-
responding to subfamily &’ through a heuristic algo-
rithm from the literature.

In particular, subfamily &' is defined during the
execution of EA in the following way. For each (par-
tial or complete) feasible k coloring found in Phase 1,
we can generate k independent sets (columns) for
Phase 2. Every independent set (not necessary maxi-
mal) is first of all completed to a maximal indepen-
dent set by using a greedy procedure that simply tries
to insert in the set vertices that are currently not in it,
following the input order of the vertices. This order-
ing is perturbed at every call of the procedure; thus,
if the procedure is called on the same set different
times, it is generally able to complete the set by intro-
ducing different vertices and hence obtaining differ-
ent columns.
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Generally, the global number of independent sets
(columns) generated in Phase 1 is very large and
could ask for excessive memory requirements. Hence,
we chose to insert in &’ only the independent sets
generated by the initial greedy algorithms and those
corresponding to the feasible solutions found by EA
as well as those solutions contained in the pool at
the beginning and at the end of each iteration of EA.
We also insert all the independent sets correspond-
ing to solutions built to preserve diversity during the
computation. A hashing technique is used to remove
identical columns (see Monaci and Toth 2006 for fur-
ther details). Computational experiments showed that
this choice, that privileges independent sets corre-
sponding to solutions that tend to have high diver-
sity to each other, did not affect the effectiveness of
Phase 2 while reducing considerably the computation
time and avoiding memory problems.

As to the solution of the corresponding set cover-
ing instance, we use the Lagrangian heuristic algo-
rithm CFT proposed by Caprara et al. (1999). This
iterative algorithm can handle very large set cov-
ering instances, producing good (possibly optimal)
solutions within a reasonable amount of computing
time. Moreover, algorithm CFT computes an “inter-
nal” lower bound (not valid for VCP) on the value of
the optimal solution of the corresponding set covering
instance, and its execution can be stopped as soon as
this lower bound equals the value of the best incum-
bent solution for VCP. Of course, optimality for SCP
does not imply optimality for the original problem,
because we do not enumerate all the independent
sets of G.

A similar approach has been used to derive effec-
tive heuristic algorithms for bin-packing problems in
Monaci and Toth (2006), the main difference between
the two approaches being the aim of Phase 1. While
in Monaci and Toth (2006) the first phase (column
generation phase) was mainly aimed at generating
“good” columns for the second phase and the effec-
tiveness of the approach was essentially due to the
second phase (column optimization phase), in the cur-
rent algorithm the first phase is crucial for its effec-
tiveness. This aspect is stressed by the computational
results (see §4), showing that the evolutionary algo-
rithm of Phase 1 is very effective on the instances of
our test bed and that Phase 2 can be considered as
a postoptimization tool which turned out to improve
the upper bound on a subset of instances for which
Phase 1 fails in proving optimality of the solution.

4. Computational Analysis

The evolutionary algorithm EA and the overall algo-
rithm MMT described in §§2 and 3, respectively,
were run on a Pentium IV 2.4 GHz with 512 MB

RAM under Windows XP and tested on the sub-
set of the DIMACS benchmark graph instances (see
Johnson and Trick 1996; all instances are available
at ftp://dimacs.rutgers.edu/pub/challenge/graph/)
considered by the papers describing the most effec-
tive heuristic algorithms for VCP. In particular, this
set of instances contains random graphs (DSJC), geo-
metric random graphs (DSJR and R), “quasi-random”
graphs (flat), artificial graphs (le and latin_square_10),
and graphs from real-life applications (school). All
the computing times reported in this section are
expressed in seconds of our machine. To allow a
meaningful—although approximate—comparison on
results obtained with different machines, a bench-
mark program (dfmax) together with a benchmark
instance (r500.5) are available. Computing times
obtained on different machines can be scaled with
respect to the performance obtained on this program
(our machine spent seven seconds user time).

4.1. Performance of the Evolutionary Algorithm
In this section, we report the experimental results
obtained with the evolutionary algorithm EA de-
scribed in §2. We fix a common set of parameters
working for most of the instances, but we have to
adjust parameters PS (pool size) and L (number of
tabu search iterations between two crossover steps)
to obtain good results on hard instances, while we
use a fixed tabu tenure T of 45 for all instances.
Because EA uses random numbers, for each instance
we performed four runs with four different seeds for
the random number generator. EA works in decision
version, and it requires as input the target value k
of the coloring. All the computational experiments
concerning the behavior of the most effective heuris-
tic algorithms working in decision version (see, e.g.,
Morgenstern 1996, Galinier and Hao 1999, Blochliger
and Zufferey 2008) are performed giving in input
a “good” target value k corresponding either to the
chromatic number y or to the best-known solution
value in the literature when y is unknown. In addi-
tion, the reported computing times correspond to the
average times for the successful runs. To have a fair
comparison with such algorithms, we adopt the same
policy for what concerns both the choice of the ini-
tial target value k and the reported computing times.
In particular, we report experimental results starting
from the value of k for which we have at least one suc-
cessful run and ending with the value of k for which
we have four successful runs.

In Table 1, we report for every considered instance
the following information:

¢ name of the instance, n and m;

¢ the best-known solution value x* ever found in
the literature (in bold when it is the proven optimal
value);
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Table 1 Performance of EA and of the Most Effective Heuristic Algorithms Working in Decision Version
EA Impasse HCA PC-RPC
Instance n m x* PS L #hit  k Time k Time  #hit k Time  #hit k Time
DSJC125.1 125 736 5 10 10,000 5 0
DSJC125.5 125 3,891 1710 10,000 17 1 17 1
DSJC125.9 125 6,961 44 10 10,000 44 0
DSJC250.1 250 3,218 8 10 10,000 8 1
DSJC250.5 250 15,668 28 10 10,000 28 28 28 22 910 28 13
DSJC250.9 250 27,897 72 10 10,000 72 193
DSJC500.1 500 12,458 12 10 20,000 12 78 1010 12 120
DSJC500.5 500 62,624 48 10 20,000 3/4 48 84 49 660 5/10 48 268 1710 49 720
10 20,000 49 27
DSJC500.9 500 112,437 127 30 40,000 127 967 2110 127 1,560
DSJC1000.1 1,000 49,629 20 10 20,000 20 303 na 20 na 110 20 2,640
DSJC1000.5 1,000 249,826 83 10 300,000 2/4 83 22573 89 1,148 na 83 2,258 2/10 83 14,400
40 50,000 3/4 84 1,632
40 50,000 85 845
DSJC1000.9 1,000 449,449 224 50 50,000 2/4 226 3,340 na 224 na 410 226 18,000
50 50,000 1/4 227 1,734
50 50,000 228 3,235
DSJR500.1 500 3,555 12 10 10,000 12 0 12 0
DSJR500.1C 500 121,275 85 20 20,000 85 142 85 5
DSJR500.5 500 58,862 122 20 10,000 122 30 123 14
le450_15a 450 8,168 15 10 10,000 15 0 15 0
le450_15b 450 8,169 15 10 10,000 15 0 15 0
le450_15¢ 450 16,680 15 10 10,000 15 0 15 5 610 15 8§ 1010 15 2
le450_15d 450 16,750 15 10 10,000 15 1 15 3 10/10 15 8
le450_25¢ 450 17,343 26 10 10,000 25 1,321 10/10 26 55 10M10 27 1
le450_25d 450 17,425 26 10 10,000 25 424 1010 27 1
le450_5a 450 5,714 5 10 10,000 5 0
le450_5b 450 5,734 5 10 10,000 5 0
le450_5d 450 9,757 5 10 10,000 5 0
r125.1 125 209 5 10 10,000 5 0 5 0
r125.1c 125 7,501 46 10 10,000 46 0 46 0
r125.5 125 3838 36 10 10,000 36 0 36 0
r250.1 250 867 8 10 10,000 8 0 8 0
r250.1c 250 30,227 64 10 10,000 64 0 64 0
r250.5 250 14,849 65 10 10,000 65 8 65 7
r1000.1 1,000 14,378 20 10 10,000 20 0 20 1
r1000.1c 1,000 485090 98 20 20,000 98 101 98 46
r1000.5 1,000 238,267 237 30 10,000 3/4 237 168 241 77
30 10,000 238 4
schoold 385 19,095 14 10 10,000 14 0
school1_nsh 352 14612 14 10 10,000 14 0
latin_square_10 900 307,350 99 50 50,000 3/4 103 3,263
50 50,000 104 1,820
flat300_20_0 300 21,375 20 10 10,000 20 0 20 0 1010 20 0
flat300_26_0 300 21,633 26 10 10,000 26 4 26 1 10/10 26 0
flat300_28_0 300 21,695 28 10 10,000 31 54 31 156  6/10 31 20 310 28 420
flat1000_50_0 1,000 245,000 50 10 100,000 50 33 50 0 10/10 50 18
flat1000_60_0 1,000 245,830 60 10 200,000 60 73 60 0 10/10 60 90
flat1000_76_0 1,000 246,708 83 10 250,000 1/4 82 34,056 89 897  4/5 83 1,471 510 87 18,000
10 200,000 3/4 83 2,226
10 200,000 84 1,387

¢ the input parameters (PS and L), the number
of successful runs (#hit), the target value k, and
the average computing time for the successful runs
of EA. These results have been obtained with a time
limit of 6,000 seconds with the exceptions of instance
DSJC1000.5, for which we tried a big population

with a time limit of 40,000 seconds, and instance
flat1000_76_0, for which we experimented a long
computation with a time limit of 40,000 seconds.
Moreover, Table 1 compares EA with the heuris-
tic algorithms working in decision form that, to the
best of our knowledge, represent the state of the art
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for VCP. In particular, we report the computational
results of:

¢ Impasse, the algorithm proposed in Morgenstern
(1996), which is actually composed by three different
algorithms based on the idea of impasse class neighbor-
hood. All these algorithms require as input the target
value k for the coloring and a couple of other param-
eters that are tuned for every instance separately. For
each instance considered in Morgenstern (1996), we
report the smallest value of k for which no failure
occurred over five runs as well as the average run-
ning time to solve the instance, scaled with respect to
the benchmark problem.

e HCA (hybrid coloring algorithm), the algorithm
proposed in Galinier and Hao (1999). HCA requires as
input the target value k for the coloring and a couple
of other parameters that are tuned for every instance
separately. For each instance considered in Galinier
and Hao (1999), we report the smallest value of k for
which there was at least one successful run over 10
(or 5), the number of successful runs (#hit) and an
approximate average running time for the successful
runs. Since results in Galinier and Hao (1999) were
obtained on an UltraSPARC-IIi 333 MHz with 128 MB
RAM, and the authors did not provide information
on computing times for the benchmark instance on
that system, a comparison of computing times is far
from trivial. Hence, we considered the performance
ratio reported by Dongarra (2006) for machines sim-
ilar to those used in Galinier and Hao (1999) and
in our experiments, and accordingly, we divided the
computing times for algorithm HCA by a factor of
six. For the instances for which no information was
given about the number of successful runs and run-
ning times, we report “na.”

e PC (PartialCol) and RPC (React-PartialCol), the
algorithms proposed in Blochliger and Zufferey
(2008), are tabu search algorithms based on the idea
of impasse class neighborhood by Morgenstern (1996),
which implement a dynamic and a reactive tabu
tenure, respectively, and require as input parameter
only the target value k for the coloring. To summa-
rize the performances of the two algorithms, for each
instance considered in Blochliger and Zufferey (2008),
we report the behavior of the algorithm which finds
the best solution value, breaking ties by considering
the number of successful runs for that value of k and
possibly the computing time. For such algorithm, we
give the smallest value of k for which there was at least
one successful run over 10, the number of success-
ful runs (#hit), and an approximate average running
time for the successful runs. The computational exper-
iments were carried out on different Linux systems
running on a Pentium IV 2 GHz with 512 MB RAM,
whose performance is similar (and directly compara-
ble) to that of the machine used in our experiments.

The computational experiments show that the evo-
lutionary diversification is effective and able to bring
the tabu search algorithm to the exploration of regions
of the solution space containing high quality solu-
tions. More in detail, EA solved for the first time, to
proven optimality, instances le450_25c and 1e450_25d
and improved the best solution known in the lit-
erature for instance flat1000_76_0. In synthesis EA,
on the complete set of the 42 considered instances,
three times improves on the best-known solution, 36
times finds the best-known solution, and in only three
instances find a worse solution.

As to the other algorithms working in decision
version, EA clearly outperforms Impasse; this should
not be surprising because it uses the same neigh-
borhood structure in a more complex procedure.
The comparison with HCA is harder due to the
scarcity of instances reported in Galinier and Hao
(1999). EA finds two better solutions (1e450_25c and
flat1000_76_0) versus one better solution found by
HCA (DSJC1000.9, for which the computing time is
not reported) and shows a more robust behavior.
The computing times, when reported, are compara-
ble for equivalent values of the coloring; in particu-
lar, EA spends less than one second to color instance
1e450_25¢ with 26 colors and 2,226 seconds to color
instance flat1000_76_0 with 83 colors. EA spends on
average 22,573 seconds to color instance DSJC1000.5
with two successful runs over four. This time is 10
times longer than the one spent by HCA, but for
this instance, the number of attempts and success-
ful runs are not reported in Galinier and Hao (1999).
EA almost always finds solution values that are bet-
ter or equal to those found by PC and RPC, in the
latter case with computing times that are generally
shorter. The only exception is instance flat300_28_0,
which is solved to optimality (k = 28) for the first time
by Bléchliger and Zufferey (2008), improving the pre-
vious best-known solution of value 31.

4.2. Performance of the Overall Algorithm

As was observed by Morgenstern (1996), reporting
timings for algorithms that require the value of k
and other parameters as input does not reflect the
real effort needed to find the corresponding values,
and this hidden cost can increase substantially the
actual computing time. When we built the overall
algorithm MMT (evolutionary algorithm EA and col-
umn optimization), our objective was actually to solve
the problem in optimization version with a unique
setting of the parameters (with the exception of the
time limit of EA), able to solve any instance. The idea
is that a robust algorithm should have a good per-
formance not only on well-studied instances from the
literature (for which the best bounds, the structure,
etc., are known) but also on “unknown” ones.
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Table2  Parameters of Algorithm MMT

Tabu tenure T 45

Initial PS 10

Initial L 10,000
UpdateLimit 40,000/n

A, Initial L - dens - 0.55
Aps Initial PS - dens
Time limit of CFT (s) 150

Pgreedy PS/n. of uncolored vertices in the pool

As described in §2.3, we implemented a proce-
dure that, starting from a common set of parameters,
dynamically modifies the parameters PS and L for
every execution of EA based on the results obtained
in the previous calls. In Table 2, where dens denotes
the density of graph G, we report the values found
during the experimental setup of this procedure.

For each considered instance, four runs with dif-
ferent seeds for the random number generator were
performed. The corresponding computational results
are reported in Table 3. Because the overall algorithm
MMT works in optimization version, it always gives
on output a feasible solution and does not require a
target value k as input. For every considered instance,
we report:

* name of the instance and best-known solution
value y* ever found in the literature (in bold when it
is the proven optimal value);

¢ the lower bound LB, the initial upper bound UB
computed during the initialization step, and the cor-
responding computing time;

e the time limit of EA (TLy,) within Phase 1 and
the average value of k (k) after Phase 1 (these values
are reported only if optimality has not been proved
during the initialization);

¢ the average value of k after Phase 2 (this value
is reported only if it is better than the corresponding
value obtained at the end of Phase 1);

e the best value of k (ki) found during the overall
computation and the average total computing time.

In comparing these results with those of the previ-
ous section, the reader should be reminded that, in
this case, the only parameter to be given in input is
the value of TL;, and that the problem is approached
from the optimization point of view. Thus, in some
way, the problem is much more “difficult” because the
algorithm does not take advantage of all the informa-
tion available for the well-known instances from the
literature. When optimality is not proven in Phase 1
(i.e., when the solution value after Phase 1 is greater
than LB) and Phase 2 does not improve the incumbent
solution, the evolutionary algorithm has performed
one useless iteration up to the time limit, spending
an important amount of computing time after the
last successful iteration. For instance, in DSJC125.1,

the final solution is found on average after one sec-
ond but optimality is not proven and 20 seconds are
spent trying to improve on this solution. On the con-
trary, when Phase 2 improves the solution or opti-
mality is proven in Phase 1 (which happens for all
the 1e450_x instances and for schooll), the time of the
last improvement corresponds to the total computing
time.

Table 3 shows that, for 11 instances, the average
value of k is improved during the execution of
Phase 2, confirming that column optimization is an
effective postoptimization tool. Moreover, for some
large-size instances (e.g., DSJC1000.9, latin_square_10,
and flat1000_76_0), giving a larger time limit to
Phase 1 leads to slightly better solutions. Of course,
working in the optimization version of the problem
leads to computing times longer than those required
by EA, although the solution quality is slightly better.
More in detail, the dynamic setup of the parameters is
not always able to bring EA, executed during Phase 1,
to high-quality solutions as done by the ad hoc tun-
ing reported in Table 1. This is true, in particular,
for instances flat1000_50_0 and flat1000_60_0 where
the performance is quite poor. For these instances,
Phase 2 is able to improve on the incumbent solu-
tion up to the solution reported in Table 1, and
in three instances, namely DSJC1000.9, r1000.5, and
latin_square_10, the solution is better than that found
by EA alone. In particular, the complete MMT algo-
rithm solved for the first time, to proven optimal-
ity, instance r1000.5. In synthesis, algorithm MMT, on
the complete set of the 42 considered instances, three
times improves on the best-known solution in the
literature, 35 times finds the best-known solution in
the literature, and in only four instances (DSJC1000.5,
DSJC1000.9, latin_square_10, and flat300_28_0) finds
a worse solution.

4.3. Comparison with Heuristics in
Optimization Version

Since algorithm MMT works in optimization version,
a comparison of its behavior with those of algorithms
Impasse (Morgenstern 1996), HCA (Galinier and Hao
1999), and PC-RPC (Blochliger and Zufferey 2008)
considered in §4.1 is far from trivial. For the prob-
lem in optimization version, we report in Table 4 the
computational results of:

e MIPS-CLR (minimal-state processing search algo-
rithm for the graph “CoLoRing” problem), the algorithm
proposed in Funabiki and Higashino (2000). This
algorithm works in optimization version but requires
as input the target value k;;, for the coloring together
with some other parameters whose values are tuned
for hard instances. If the algorithm is not able to solve
the problem with k;,;, colors, it dynamically modi-
fies this target value. Since MIPS-CLR uses random
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Table 3 Performance of the Algorithm MMT
Initialization Phase 1 Phase 2 Overall

Instance X LB UB Time TLes Keag Keag Kyest Time
DSJC125.1 5 3 6 0.1 20 5.00 5 21
DSJC125.5 17 8 20 0.1 20 17.00 17 122
DSJC125.9 44 28 50 0.1 20 44.00 44 121
DSJC250.1 8 3 10 0.1 20 8.00 8 21
DSJC250.5 28 9 34 0.2 80 28.00 28 117
DSJC250.9 72 34 84 0.3 80 72.50 72.00 72 89
DSJC500.1 12 4 14 0.1 200 12.25 12 210
DSJC500.5 48 9 61 0.4 200 48.25 48 388
DSJC500.9 127 42 150 1.2 200 128.75 127.75 127 433
DSJC1000.1 20 4 24 0.2 200 20.25 20 260
DSJC1000.5 83 11 108 2.0 3,000 84.25 84 8,407
DSJC1000.9 224 47 283 8.7 800 233.75 226.00 225 3,234

3,000 229.75 225.50 225 9,476
DSJR500.1 12 11 13 0.1 20 12.00 12 25
DSJR500.1C 85 67 91 1.0 60 86.00 85.00 85 88
DSJR500.5 122 111 127 0.7 100 122.00 122 163
1e450_15a 15 15 17 0.1 20 15.00 15 0
le450_15b 15 15 16 0.1 20 15.00 15 0
1e450_15¢ 15 15 23 0.1 20 15.00 15 3
1e450_15d 15 15 24 0.1 20 15.00 15 4
1e450_25¢ 26 25 28 0.1 4,000 25.00 25 1,321
1e450_25d 26 25 28 0.2 4,000 25.00 25 436
le450_5a 5 5 8 0.1 20 5.00 5 0
1e450_5b 5 5 7 0.1 20 5.00 5 0
le450_5d 5 5 7 0.1 20 5.00 5 0
r125.1 5 5 5 0.1 5 0
r125.1¢c 46 44 46 0.1 20 46.00 46 21
r125.5 36 33 38 0.1 20 36.00 36 21
1250.1 8 8 8 0.1 8 0
r250.1¢c 64 55 66 0.3 20 64.00 64 21
1250.5 65 61 68 0.2 50 65.00 65 64
r1000.1 20 17 20 0.2 20 20.00 20 37
r1000.1¢ 98 68 105 4.0 200 98.25 98.00 98 518
r1000.5 237 225 247 43 400 238.75 234.00 234 753
school1 14 14 22 0.1 20 14.00 14 0
school1_nsh 14 13 25 0.1 20 14.00 14 21
latin_square_10 99 90 125 2.8 2,000 103.50 102.00 101 5,156

3,000 103.50 101.75 101 6,346
flat300_20_0 20 9 38 0.2 20 20.00 20 21
flat300_26_0 26 9 39 0.2 20 26.00 26 36
flat300_28_0 28 9 39 0.2 150 31.00 31 212
flat1000_50_0 50 11 106 1.9 150 78.50 50.00 50 1,417
flat1000_60_0 60 11 105 1.9 300 74.50 60.00 60 3,645
flat1000_76_0 83 10 104 1.9 1,000 84.50 84 3,709

3,000 83.50 83 7,325

numbers, five runs were performed for each instance.
The first four columns in Table 4 under MIPS-CLR
correspond to the results obtained by giving the tar-
get value k; ;, as external input. We report the value
of k;,i., the best value of k found over the five runs,
the average value of k, and the average running
time approximately scaled with respect to the bench-
mark problem (we run the benchmark problem on
a machine similar to the one used in Funabiki and
Higashino 2000, which spent 17 seconds of user time

to solve the benchmark problem). In the latter four
columns, we report the results obtained by setting the
target value k;,;; equal to the cardinality of a max-
imal clique in the graph, computed during the ini-
tialization of the algorithm. The solution quality is
slightly worse than that of the previous initialization
of the target value k;,;;, whereas the computing time
is larger when kj,;, is far from the final solution value.

* MMT, whose performance is summarized report-
ing the best value of k over four runs, the average
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Table 4 Comparison of MMT with the Most Effective Heuristics in Optimization Version
MIPS-CLR MMT

Instance X Kinie Koest Kavg Time Kinit Kiest Kavg Time Kiest Kavg Time
DSJC125.1 5 5 5 5.0 0 4.0 5 5.0 1 5 5.00 21
DSJC125.5 17 17 17 17.0 1 9.6 17 17.2 15 17 17.00 122
DSJC125.9 44 44 44 44.0 0 32.8 44 44.0 22 44 44.00 121
DSJC250.1 8 7 8 8.0 5 4.0 8 8.0 30 8 8.00 21
DSJC250.5 28 28 28 284 14 11.0 28 28.6 80 28 28.00 117
DSJC250.9 72 72 72 724 31 41.6 72 724 148 72 72.00 89
DSJC500.1 12 10 12 12.4 84 5.0 12 12.8 137 12 12.25 210
DSJC500.5 48 47 49 49.4 349 12.2 49 50.0 454 48 48.25 388
DSJC500.9 127 125 127 127.8 480 53.2 128 128.8 999 127 127.75 433
DSJC1000.1 20 20 21 21.0 90 5.2 21 21.0 776 20 20.25 260
DSJC1000.5 83 82 88 89.0 4,658 14.2 89 89.6 2,634 84 84.25 8,407
DSJC1000.9 224 228 228 229.6 1,565 62.0 228 229.8 7,087 225 226.00 3,234
DSJR500.1 12 12 12 12.0 0 12.0 12 12.0 0 12 12.00 25
DSJR500.1C 85 85 85 85.0 6 85 85.00 88
DSJR500.5 122 122 122 123.4 276 122.0 122 123.4 276 122 122.00 163
le450_15a 15 15 15 15.0 1 15.0 15 15.0 1 15 15.00 0
le450_15b 15 15 15 15.0 1 15.0 15 15.0 1 15 15.00 0
le450_15¢ 15 15 15 15.2 11 15.0 15 15.2 11 15 15.00 3
le450_15d 15 15 15 15.0 5 15.0 15 15.0 5 15 15.00 4
le450_25¢ 26 26 26 26.0 7 25 25.00 1,321
le450_25d 26 26 26 26.4 1 25 25.00 436
le450_5a 5 5 5 5.0 1 5.0 5 5.0 1 5 5.00 0
|e450_5b 5 5 5 5.0 2 5.0 5 5.0 2 5 5.00 0
le450_5d 5 5 5 5.0 3 5.0 5 5.0 3 5 5.00 0
r125.1 5 5 5 5.0 0 5.0 5 5.0 0 5 5.00 0
r125.1c 46 46 46 46.0 0 46.0 46 46.0 0 46 46.00 20
r125.5 36 36 36 36.0 0 36.0 36 36.0 0 36 36.00 21
r250.1 8 8 8 8.0 0 8.0 8 8.0 0 8 8.00 0
r250.1c 64 64 64 64.0 2 64 64.00 21
r250.5 65 65 65 65.8 16 65.0 65 65.8 16 65 65.00 64
r1000.1 20 20 20 20.0 0 20.0 20 200 0 20 20.00 37
r1000.1c 98 98 98 98.8 557 98 98.00 518
r1000.5 237 234 237 238.6 1,345 234 234.00 753
schoold 14 14 14 14.0 0 14.0 14 14.0 0 14 14.00 0
school1_nsh 14 14 14 14.0 1 14.0 14 14.0 1 14 14.00 21
latin_square_10 99 90 99 100.2 938 90.0 99 100.2 938 101 102.00 5,156
flat300_20_0 20 20 20 20.0 2 10.2 20 200 114 20 20.00 21
flat300_26_0 26 26 26 26.0 1 11.0 26 26.0 104 26 26.00 36
flat300_28_0 28 30 31 31.0 133 11.4 31 31.2 1,355 31 31.00 212
flat1000_50_0 50 50 50 50.0 14 13.0 50 50.0 2,351 50 50.00 1,417
flat1000_60_0 60 60 60 60.0 59 13.6 60 60.0 2,436 60 60.00 3,645
flat1000_76_0 83 84 87 87.8 2,499 13.6 87 88.2 7,087 83 83.50 7,325

value of k, and the average computing time up to the
time limit or to proven optimality (so as to allow a
comparison with the timings of MIPS-CLR).

Again, values in Table 4 are in bold when corre-
sponding to a provable optimal value.

Since when we use MMT we do not take advan-
tage of any information from the literature (such as
the expected value of the coloring), we think that a
fair time comparison with MIPS-CLR should be done
with the values obtained by setting the target value
kini: equal to the cardinality of a maximal clique, i.e.,
with the values reported in the last four columns of
MIPS-CLR. MMT always finds solutions that are bet-

ter or equal to those found by MIPS-CLR, considering
both the best value or the average solution value with
the exception of instance latin_square_10, for which
MIPS-CLR finds the best-known solution. Table 4 also
shows that the running times of the algorithms on the
common instances are practically the same.

To compare with a single index the performance
of the different algorithms considered in this paper,
we compute the average ratio between the solution
found by each algorithm and the best-known solu-
tion value x* from the literature. This ratio always
refers to the best results reported for the correspond-
ing instance in the associated paper (i.e., k for Impasse
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Table 5 Average Gap on the Common Subset of Instances
Instance set  Instance set Instance set Instance set
from from Galinier from Blochliger  from Funabiki
Morgenstern and Hao and Zufferey  and Higashino
(1996) (1999) (2008) (2000)
Impasse 1.0114
HCA 1.0163
PC-RPC 1.0086
MIPS-CLR 1.0072
EA 1.0041 1.0086 1.0017 1.0018
MMT 1.0046 1.0095 1.0029 1.0013

by Morgenstern 1996, HCA by Galinier and Hao 1999,
PC-RPC by Blochliger and Zufferey 2008, and EA and
kpes for MIPS-CLR by Funabiki and Higashino 2000
and MMT) and y*. Since Morgenstern (1996), Galinier
and Hao (1999), and Blochliger and Zufferey (2008)
did not consider the entire set of instances, in Table 5
we compare our results with those of the other algo-
rithms on the common subset of instances.

Table 5 confirms that the proposed approaches
EA and MMT outperform the other algorithms with
respect to the solution quality, with comparable com-
puting times.

5. Conclusions

In this paper, we presented the two-phase metaheuris-
tic algorithm MMT for the vertex coloring problem.
The first phase of MMT is based on an evolu-
tionary algorithm which combines an effective tabu
search with a diversification procedure based on a
specialized crossover operator; the second phase is a
postoptimization phase based on the set covering for-
mulation of the problem.

Extensive computational experiments performed
on 42 instances from the well-known DIMACS bench-
mark graph instances show that the evolutionary
algorithm is very effective and has a robust behav-
ior on all the considered instances, still requiring
the experimental setup of a couple of input param-
eters. This evolutionary algorithm is subsequently
combined, in the overall MMT algorithm, with a pro-
cedure which performs the dynamic setup of the
parameters during the computation. A postoptimiza-
tion phase is finally performed. The overall MMT
algorithm approaches the problem in optimization
version, requiring no input parameter with the excep-
tion of the time limit of the first phase. Compu-
tational experiments show that the quality of the
solutions found by MMT (with the dynamic setup
of the parameters and the postoptimization phase) is
slightly better than that of EA (with the ad hoc setup
of the parameters), leading the proposed approach to
be the state-of-the-art heuristic algorithm for the prob-
lem. More in detail, three instances from the litera-
ture (namely, 1e450_25c, 1e450_25d, and r1000.5) were

solved for the first time to proven optimality, the
best-known solution for instance flat1000_76_0 was
improved, and the best-known solution values were
still found on 35 of the remaining 38 instances.

The main deficiency of our approach is that when
optimality is not proven, the computation continues
up to the time limit, even if the problem is already
solved or the diversity of the population of the evo-
lutionary algorithm is low and it is unlikely that new
improved solutions will be found. Thus, future work
should deal with the development of a procedure to
stop the computation when the probability of improv-
ing the best incumbent solution becomes too low.
Future work should also continue with the search for
improved lower bounds for the problem.
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