Discrete Mathematics 14 (1976) 103-119.
©® North-Holland Publishing Company

ON CERTAIN SUBGRAPHS OF A COMPLETE TRANSITIVELY
DIRECTED GRAPH

E. ANDRESEN

Institute of Mathematics, Uni ersity of Oslo, Oslo, Norway

K. KJELDSEN

Headguarters Defence Command Norway, Oslo, Norway
Received 3 June 1974

Let G, be a complete transitively directed graph with 2 + 1 vertices vy, vy, ..., vy, Let
¥(n) be the number of subgraphs # of G, where each vertex in / lies along a directed
path from vy to v, in H. ¥(n) and some related quantities are calculated.

1. Introduction

In a paper on automata theory [1] the authors utilized directed simple
graphs G,, n =1, 2, ..., defined as follows: G,, has vertices vy, vy, ..., U,
and (v;, v)) is an arc if and only if i <j. (Thus G,, is a complete transitively
directed graph with n + 1 vertices.)

The following problem arises in [1]): How many subgraphs of G,,
possessing the upper and lower lattice property contain vy and 0,7 Or
equivalently, what is the number of nonempty connected subgraphs H
ot G, such that each vertex in H lies along a directed path from v to v,
in H?

The set of such subgraphs will be denoted £2,,. We calculate card(§2,)
(the cardinality of §2,), and some related quantities, establish some
asymptotic expressions and calculate some generating polynomials.

2. Bounds and asym: .totic expressions

It is convenient for our purposes to study also

& = {He 8, : H has veitices vy, vy, ..., vyt -

123
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Definitinn 2.1. card($2,) = Y(n); card(£2,) = £(n).

One has immediately

n-1

n-1
- n-1 o - n=N  \Ndo i
(1) “’(”)‘,-:Eu(i )em-n. & ‘Z%(, ) -1 g -

To establish bounds for £{n) and Y(n) we notice that any graph in Q,
is determined by its arcs. Since G,, has ("} 1) arcs, there are 2 2" subsets

of ares from G,,. Any such subset contammg {(v,. v,ﬂ) i=0,..n-1}
correspends to a graph in §2),. There are 2 A== () such subsets.
Thus we have immediately

1D < Hn) < Yn) < 2"1Y  foralln,

But this inequality can be improved. We can prove the following propo-
sition. ([ ] denotes the greatest integer function.)

Proposition 2.2.

n [n/2)
¢ ,.._ﬂ12<,_.(.'_’_)_<ﬂ(1_,
i=1 T =]

Proof. We shall use probabilistic arguments. Let H be a set of arcs in G,
chosen at random, all choices having the same probabi_ity. Then the
probability that H corresponds to a graph in &, is E(n)[ 20130,

Let 0 <i < n. The probability that v; is a terminal endpoint of some
arcin H is

p;=1-2"
Hence the probability that all v, i = 1, ..., n, are terminal endpoints of
arcs in H is

a
=1 =21,
i=1

Similarly we find that the probability that each v;, i=0C,...,n—1,isan
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initial endpoint of some arc in H is

Now if each point is & terminal endpoint, the probability that each
point is an initial endpo:nt clearly increases from q to sonie number g'.
Thus the probability r that H corresponds to a graph in 2, satisfies

/]
g= - 292,
i=1

which is the ieft inequaliity.

On the other hand, r < r’ = the probability that all points v, 1 <i< [Ln],
are terminal endpoints, all points v, S3m+DI<j<n-—1,are mmal end-
points of arcs in /. These two events are independeni, and we get

(n/2]

r<y = ﬂl (1 - 2H2
,:

which is the right inequality.
To obtain bounds for Y(n) we use (1). We have forn = 2
\b(n)- | En - ( —l) En—1i)
oy =1t DEes +125 i) e

Noting that [1%, (1 - 2°*)2 ~ 0,0834 > 24 and that £ (like ¢) is an in-
creasing function, we have

v(n) E‘" i lf(’_{: 2)
foy < 1+0- 1) E() D 4 9a- o
n
<l+(n- D27 M -2
i=[(n—1y2}*+

n

e T ey
i=[(n-2)/2)+1

<l+n-27"- [T =-2"H2<14p 2709

i=
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On the other hand,

Y(n) oy En - 1)
0l z1+(n-1 -——-———E(n)
n-1
>1+m-D2" I a-292s1+@-1n2ns,
i=[nf2]+1

Combining these resuits with Proposition 2.2, we obtain the following
proposition.

Proposition 2.3. Forn =1, 2, ..., we have

n
(1+(n — 1)2-(n+4) Illu ~ 22 g
i=

[n/2)

VO il ape2 =0y T (1= 2 iy,
23y e

(The case n = | must be verified separately.)

Remark. It will follow from Proposition 4.1 that the upper beund in
Proposition 2.3 can be replaced by

i(n-1)/2]

12712,
i=1 ¢ )

Corollary 2.4. yi(n) and §(n) are both asymptotically equal to C* 2 )
where

c? =11 (1 -2 ~0,0834.

i=1

3. Exact formulas

The adjacency matrix of G, is ((¢;)));;-q,. . p» Where ¢;; = Qif i >,
¢;; = 1 otherwise. Considering the adjacency matrices of the graphs in
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82, we tind that % ») = card(M,)), where M, is the set of matrices
((@;)))o<j<n such that

(i) a,.ie {O,Cj} for all i, j,
(i) Vi<n 3k:ia, =1,
Ggiy Vji>0,3! ay = l.
Let M, ,,, be the set of pairs {((8,))o<;i j<ns (/1 s Jm }}s Where
((@;;)oc; j<n 18 @ matrix satisfying (i} and (ii), and where (iii) is invalid

wher j € {j .... j, } (and possibly also for other j’s).
Now it is easy to see that

(2) card(M,) = 25 (- 1) card(M, ) .
i=0 i

We shall use this to find an expression foir ¢(n) = card(M,).

Definition 3.1. Let H] be the full nth degree homogeneous polynomial
in m variables, i.e.,

H;”n @, ...a,)= ‘/__;ai‘ai2 ... a,

P

summaticn being over ali increasing sequences 1 < i; < ...<i, <m. Le!

n

x =1l@-1.

i=1
Define my = 1, Hy =0, H) = 1ifi >0.
One realizes that

(3) cardM, V=202 - 12" - D ...2" -1,
summation being over all sequences such that

i,.QzM < ij+l forallj<n,

i, =1, i, =n—m.
This is readily seen to bz equal to

1 2 1-m
Ty iy (27— 1,29-1,..,12 - 1.

Hence we have proved the following proposition.
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Proposition 3.2. With the above notatior.,
n-1
g)y= 20 (1w e (201,220, )y,
m =0 o m

n-m

An equivalent form is
(4 gm) = 21 (M"-1y,.
':

(the sum of the elements in row no. 1 of M"~! ) where M is the matrix

"1 3 0 0 0 )
0 -3 7 0 0
0 0 -7 15 0
0 0 0 -15 3|
0 0 0 0 -3
R

By (1) and (4) we have

n-1 o
W = 2 ("T ‘)Z)l Mn-1-iy =

-1
z\" )2 (M1

i=

Hence

n-1
- m m M _n 92 M-
Wmy= 27 (-, H™ (2! =222 ..2,..,2 2)

(2'-1,22 -1

b

m =0
n-2
=m2'_30 (=",  H™ ey 207 L pyom,

Thus we have proved the following proposition.

Proposition 3.3. With the above notation,

n-2

= _nym m 92 an-m~1
Y(n) ?5;‘,0 (-)mm K™ (- 2.2 .
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4. A recursion formula

Calculation of &(n), Y(n) for small n suegests the foilowing proposition.

Proposition 4.1. Y(n) =2"&n - 1) - L.

Proof.
En - D - Yin)=.
n-2 :
=£§“w1wwumn,,nmm NP A T L I
Hm m-l(ﬂ S, meme 1)2m]
n-2
= 2 (™ Pm(" -m +1rn—m—-l)— zmﬂnﬂml

m=y

Hm . I(ﬂ 1, ..., 2n—m—l -1

"_
= 25 (-1)"nw

m=0

H™ (22 -2 .. mm_2y,

n-m-1""n-m-1

it follows that 2"&(n — 1Y - Y(n) = Z7,(N"~ ‘)1,, where N is the inatrix

0 1 0 0 0o . . .)
0 -2 3 0 0
0 0 -6 7 0
0 0 0 -14 15
0 0 0 0 -30
L ° . . . . . . . J

Put 4, =(a%.a}...)=(1,0,0, .)N"" !, n> 1. We must show that

Zi ,a" = 1. This is true lt n = 1. Suppose that it has been proved when
n=k andlet 4, =(dk, a 2 o) only fmntely many of thea s being non-
zero. Ther A, = A N = (0, 2% - 24%. 365 — 6%, ..). We see that only
finitely many of the a¥* s are nonzero and that

oo

k!-. k k k % k
& a; O*i-al 2+3az—6a +/a3+ .=aj + 4, tay+ .. =1.
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Remark. The simple form of this proposition suggests that one might be
able to prove it along the following lines. Let £, be the set of directed,
connected gray.s with vertices v_, vg, ..., U,_ ;3 (u;, v;) being an arc only
if i < j, where cach arc not incident to v_ lies along a directed path
from vy to v,,_;. Obviously, card(£2,,)=2"§(n ~ 1) — 1. Set up a natural
.1 — 1 correspondence between £ and £2,,. However, we have not been
able to find such a proof.

5. Generating functions

In this paragraph we shall generalize Propositions 3.2 and 3.3. We
need the following.

Definition 5.1. Let Q,, , = {H€ Q,: degyy =k in H}. Q, ; is defined
similarly. L=t their cardinalities be y(n, k), &(n, k).

Froposition 5.2. Pur (0,0) = §(0,0) =1, ¥(0, k) = {0, k) = 0, for
k > 0. Then

(i) ¥(n, 0)=%n 0)=0 for n >0,
v(n, K)=§n k)=0 for k >n,
Y(LD=¢1,D=1.

formnz 2, k=21,

n-1

(i) Y, K)=y(r - 1, ) —wn -1, k- D+ E Yin -1, ”(x l) 261,

k-1 \K-

. -1
(iii) &n, k) = -&n -1 k-1)+ E t(n -1, :)( ) k-1

i=k-1

Proof. (i) The proof is clear.

(it) There are y(n — 1, k) graphs in ,, , not containingv,. Let H € Q.
contain vy. Defire a graph H' by 1dent1fy'ng vy and v;. Then H' € 2,1
forsomei>k — 1! Leti >k —1,K€ &;_; ;. The number of graphs H
such that H' = K is(, ' )"" =1 for the number of possible choices of
poins adjacent to v, is (k s and for each choice there are 2% ~! graphs

(any of the k — 1 points may or mav not be adjacent to vy). On the other

1 . . L.
To be pedantic, one shouid clange the names of the vertices in /' from Ugs Up o0 Uy 1O
Ugy Ugs 100 Iy g0
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hand, if i =k — 1, there are 2X~1 - 1 graphs for each choice. We must not
cont the graphs having no arcs incident out of v;. (ii} then follows.
(iii) The proof is similar; there are no graphs in £, , not containingv,.

We introduce generating functions.

Definition 5.3. Let ¢, : R = R be defined by
n
v,(x) = &:El gn k), n=1,2, ...

E, is similarly defined.
Clearly y(n) = ¢, (1), E(n) = §,(1).

Proposition 5.4.
i) &) =y )=x.
Forn > 1,
i Y =0-x9¢, (+xp, _(1+2x),

(11i) £, (x) = ~x§, _(x) +x§, ,(1+2x).

Proof. (i) The proof is clear.

n

(i ¥, (x) = ZT,‘ xk y(n, k)

n

n
=2 xkymn -1,k - 2 xkymn—1 k- 1)
k=1 k=1

=

b
{

L

i=0 ‘ k=l
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n-1

=y, ) - xy,_ () + 2'3 x(1+ 20 Y(n — 1,4)
=
=(1=-x)¢,_,(x) +xy, (1+2x),
(iii) The proof is similar.
We need a definition.
Definition 5.5. Let y,, : R -~ R be defined by

V()= —142""(1+x), m=0,1,2,...

Note that
(5) Vy(l+20)=y . (x).
We have the following theorem.

Theorem 5.6.
n-1
. _ ‘;-‘ _ m ., Fm ?
sn B nf':() ¢ '1) Y iy?. yn—-mHn-om(y}' e -"'nmm) ’

(Notice that y, (1) = 2™ — 1, so Theorem 5.6 is a generalization of
Proposition 3.2.)

Proof. The theorem is valid whenn = 1.
Suppose that it has been proved for n = k& — 1. Then (Proposition 5.4),

E(x) =~k () +xE_(1+2)
= —“—;')I(X) i}k_ l(x) +yl(x) Ek—l(l + 2x)

k-2
- _1\m m “ ;
m§0( 1) Yy yk_ﬂm—-lylkam—-l("l’"")k"m«ﬂ)

k-2
- ";ZQG (“l)myl %:«m”ﬁ~ m~l(y2’ —'vk-—m)}(x) by ).
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But the definition of /), implies that
ym » . - e i ’ ’ ri—1 y ’
HE vy 3 ) S e g Ve ) P H (v 0

(The last term is 0 when m = 0.) Thus, by changing suramation index,
we find that

k-1
e ) — L2 ‘ m ¥ }
sk g(’( l) )‘l cas s‘vk-m(Hk"M*l("fz’ cevr yk..,rn)
. m—Eyg 4,
+"l’ik m { }‘lo cesy ,kam))

k-1
= E (“““l)'n,v| vos )"k._,ml!kv ;-;(-vl’ “""V’(—v"l) :

m=0

The theorem is then proved.

Let M, be the matrix

(v, ¥y 0 o . . 0
i 0 -, Vs 0

e
AN

Theorem 5.6 can be written in matrix form
(6) £, =y LYy,
We have (similar to (1))
n-1 i
- n i
By (6) and (7),

—y 5 -1
b= T, 117,
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This is equivalent to

n-1

= mZ=)0 ViV HI (U oy ),
But | - y; = -2y, ,. Thus we have proved the following
Theorem 5.7.

B mE=0 (~2)myl  Voom -

m m{Fos o ¥ )

n-m-1"°
It turns out to be fruitful to introduce new quantities N, N(N), n(n, k)
defined as follows.

Definition 5.8. Let

n-1
o«
(8) )

(n), n(n, k) are defined similarly

The definition imolies that

n-1 n-1
'g\ i'n-l - n— 1) 4
We have, from (6) and (8)

M, =V, L((M -,

Thus we find

S
i
o

M =

ééM

(- l)lyl V. tHr: x(yl+l

Y, 1.



E. Andresen, K. Kjeldsen | On certain subgraphs ils

Buty; +1=2"1(1+x).So

n-1

=2 (—D'+xVp, Ly HE (1,2, n-i-1y

i=0 "
Now it is easy to prove by induction that

i3
HE(1, 2, ... 2-1ly=_Prazl

Hence we have proved the following lemma.

Lemma 5.9.
n-1
T
2 (=i +xY Ll B
"*0( FA+ e Yy ST

Now we can prove a further proposition.

Proposition 5.10. Forn > 1,
n, = (102" Dy, +(=1)""x

Proof.
n-1 P
E( DI+ XYy, .y, ‘1”:"‘”
n-l . .
= T D Y H(——HZ” i~1(1+x))
(=N
n-2 . u .
== L OOy Vi 57—
n-2
+§3 (=D A+x) "y, oy, lﬁ;_;- (r-1 1)
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n-2

T
P DIy g Y T4y,
ﬂ:"n i1

="' - DA +xm,
+x E Yy e Yy H (14X, =X X), , =2 4 x))

== Dl +x)n, tx ,.SEI(A’:“‘)" ’

where NV, is the matrix

’(w(l +X) X 0 0 )
N -21+x)  2(1+x) -1 0

0 0 — 41 +x) 41 +x) -1

L0 0 0 ~8(1 +x)

Lo : : . -

Now we claim that Z;_, (N}~ B, = (=11, Indeed, the argument from
the proof of Proposition 4.1 applies, so Proposition 5.10 follows.

By means of this proposition it is straight forward to prove the fol-
lowing theorem by induction.

Theorem S5.11.

n-1

L =X Z (- i-x)*'-
n l i

This theorem can be used to find expressions for n(n, k) and thus (by
means of (9)) for &(n, k) and Y(n, k). We then find the following propo-
sition.
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Propeosition 5.12.

( nn k)=

2‘; (1) (n;l -{;) 1

-1 1r, :

n-k n-k-i P A
Ny = - n-1-i-N\Tn-1-i
Wb =2 5y () (o ) ol

n-k n-%--i | PN S
- pyai (- N n—1-i—j) In-1-i
(i)  Y(n, k) = 14"3 ,};(;; 1y2 ( i )( k—1 ) w;—« .

This gives the following.

Corollary 5.13. For fixed k, all the three functions n(n, n — k), £(n, n - k),
v(n, n-- k) are asymptotically equal to

M n-1
e )

where C =117 (1 - 2-)~ (),2888.

One can also prove that, for fixed k, all the three functions n(n, k),
&n, k), ¥(n. k) are asymptotically equal to

2 A n-1
M)

where C is as above. We leave this to the reader.
Further consequences of Theorem S.11 are:

Proposition 5.14.

n-1 n-1-i i
: = (-1yr-t-id ("' )(1 +x)! noti ,
(’) E" x l=0 I=0 ) Tfn 1 ' ]
n-1 n-1-i ( 11 i
. = 1 _ |y iminigi (0 )(l+x)’ .
(i) Y,=x & = (- l T i

These may be used instead of Theorems 5.6 and 5.7. Putting x = we
also get new expressions for £(n) and Y(n).
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Note that n,,(—1) =(-1)". From this (or from Proposition 5.14) we
find that ¢ (-1 = -1, n> 1:§,(-1)=0,n > 2. This has a geometric
interpretation. We need the following.

Definition 5.15. Let
U= {HE Q,: deg v, is odd (even) in H} .

17, 80¢ are defirred similarly. Let their cardinalities be ve(n), Y&(n),

£(ny. E(m).

Propaesitiun 5.16.
(i) P - Y*(m=1, n=1,2,..,

Gy By - Em)=0, n=23,...
Proof. Clearly ¢°(n) — Y*(n) = — ¢, (~1); £°(n) - E5(n) = - (~1).

Problem. Is there any interpretation of n(n, k) as the cardinality of some
natural subset 6f Q, , ?

6. Tables
Table b, ofm, k).
R £+ e i

S
PN 1 2 3 4 5 6 7
i [ 0 1 6 91 2820 177661
2 1 3 28 510 18631 1351413
k] 3 42 1050 48360 4220433
4 21 945 61845 6942915
5 31S 39060 6357915
& 9765 3075975
?“ 615195
] H 1 7 97 2911 180481 22740697
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Table 2. &(n, k).
7 1 2 3 4 5 6 7
1 1 | 2 10 122 3346 196082
2 1 5 40 644 21496 1471460
3 3 51 1236 54060 4527228
4 21 1029 (66780 7328580
5 315 40635 6596100
6 9765 3134565
7 615195
£(n) 1 2 10 122 3346 196082 23869210
Table 3. ¢(n, k).
N 12 3 4 s 6 7
1 1 2 5 20 179 4082 218225
2 1 7 58 838 2:1n 1610977
3 3 60 1458 63780 4.71193
4 21 1113 73135 7745115
5 315 42210 6844635
6 9765 3193155
7 615195
v(n) 1 15 159 3903 214143 25098495
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