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Introduction

e Yang Mills equations: originated from
electromagnetism and field theory.

o Maxwell's equations are a trivial case of the Yang
Mills equations.




Introduction

o The Yang Mills equation looks like d* F'4 = 0 where

F 4 1s the curvature induced by a “connection” of a
base space

e To obtain Maxwell's equations on spacetime
(standard R* = (z, v, 2, t)), we have

Fy = Epdy Ndz + Bydz Ndz + E,dz N\ dz + Bydz N dt
+ Bydy AN dt + B.dz A dt.

e d* in this case is xd*, where x is an operation on R*
called “Hodge star”.
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This implies the Maxwell equations.




Introduction

Background topics to be briefly covered:
e Lie groups
o Bundles, connection and curvature
e Hodge operator
o Symplectic manifolds with Hamiltonian action




e Recall a smooth manifold is a topological space
which can be covered by open charts (U, ¢.), where

o 1S a bijective map from an open subset of R" to i/,
and such that the transition maps between
overlapping charts are smooth.

e A Lie group G Is a group and a smooth manifold such
that group multiplication i : G x G — G IS smooth.

o Denoteby L, : G — G and R, : G — G the left and
right multiplication by an element ¢ € G.




Some important Lie groups include

o the circle S' ¢ C with the induced multiplication
operation from C.

e a vector space V' with the addition operation.

e the set of nondegenerate n x n matrices GL,, C Mat,,
with the induced multiplication operation




o Recall that a tangent vector v at p € M Is the
derivative +(0) at v(0) = p of a smooth curve ~(t)

o The tangent space 7,/ of M at p Is the set of all
tangent vectors at p. Note that 7}, M Is a vector space.




o Given a vector v € TG, we can obtain dL,(v) a
vector in 7,G for g € G

e Thus we obtain a vector field X, called the
left invariant vector field generated by v

o T.G < {left invariant vector fields on G }

e The Lie bracket on vector fields induces a Lie bracket
on 7.G making 7T.G a Lie algebra.

e From now on, denote g = 7.G




Left Invariant




e For each g € G, we can define the conjugate map
G — G: h— ghg™'.

o We can hence define the adjoint action Ad, : g — g
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e Given v € g and the corresponding left invariant
vector field X, we can consider the unique local flow
at e.

e Denote this local flow by exptv(e) where t € (¢, ¢) and
exp(0v)(e) = e

o It satisfies %]tzo(exp tv(e)) = v




Principal Bundles

A principal G-bundle, 7 : P — B, consists of

e atotal space P

e a base space B

e a continuous projectionmap = : P — B
e aright action of the group G on P

For b ¢ B, = 1(b) is called the fiber over b. Each fiber is

homeomorphic to G, and G acts within fibers.




Principal Bundles
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Example: Principal S*-Bundle

o G = S (circle group)

e B=NR

o P =R x S! (acylinder of radius 1)
o 7 the projection onto the first factor

e The action of G given by multiplication on the second
factor

Then each fiber looks like S!, and the group S* acts within
the fibers.




Example: Principal S*-Bundle




Vector Bundle

A vector bundle 7 : E — B:
e similar to principal G-bundle
e NO group or group action
e each fiber has the structure of a vector space

The tangent bundle of a 2-sphere is a vector bundle we
can visualize.




Example: The Adjoint Bundle

We need:
e A principal G-bundle
o The Lie algebra g of the group &G
e The adjoint action of G on g

» The equivalence relation (p, X) ~ (pg,Ad,-1.X)

Then the adjoint bundle is given by P(g) = (P x g)/ ~.
Fibers looks like the vector space g.




Connections

e On a principal G-bundle P, a connection assigns a
horizontal subspace H,, to each tangent space 7, P of
P

» For computation: connection form A ¢ Q!(P, g)

e ker A Is horizontal

o Alisvertical: A(X7) =X for X € g

o Write: A=) A, ®e;

e On vector bundles: connection < covariant derivative




Example: Connection

e =R
e B=R
e P=R xR

e 7 the projection on the first factor
e (G-action: group addition on second factor

o {x,y} standard basis for P = {-, 5.} basis for T,,P

e A = dy < x direction is horizontal and y direction is
vertical




Curvature

We need.:
e principal G-bundle = : P — B
e connection A on P

Then
o dA c Q%(P,g)

o Curvature form 4 € Q%(B, P(g))
o Related by structure equation:

1
T Fy = dA‘hom’z = dA + 2 [Av A]




Example: Curvature

Recall the example of a principal R-bundle R x R with =
the projection on the first factor, and the connection form

A =dy.
Then dA = d?y = 0, and so the curvature of this connec-

tion is zero. We say such a connection is flat.




Hodge operator

o Given an orientable Riemannian manifold (3, g).

e For each tangent space 7>, we can define the linear
operator x : A (T>) — A"~ (T7>) such that for any
positively oriented orthonormal basis {ey, ..., ey, }.

(1) =ej A...Ne,
x(e] N Nep) =€ AN Aey,

x(e] AN...Ney) =1




Hodge operator

o We can thus define * : Q% (Z) — Q" #(%).
e x IS called the Hodge operator.

o If X Is compact, one can define an inner product
<, >: QF2) x QF(X) — R by

<oz,ﬁ>:/za/\>kﬁ.

e Notice that < *xa, %0 >=< a, 3 > .




Symplectic manifold

e A symplectic manifold M is a smooth manifold with a
nondegenerate closed 2-form w.

e A symplectomorphism ¢ on M is a diffeomorphism
on M and preserves the form ¢*w = w.

e A vector field v on M i1s Hamiltonian if there exists a
function H : M — R such that i, (w) = dH.




Symplectic manifold

A (right) G-action of symplectomorphisms on (M,w) IS
Hamiltonian if

o For every v € g, the vector field X? is a Hamiltonian
vector field. This is equivalent to the existence of
d : M — g* such that

ix: = dd*
where ®¢(z) = & (z)(€).
o & Is equivariant, I.e.

@og:Ad;_loCI).




Vortex equations

e Let G be a compact Lie group and g Is equipped with
an invariant metric <, >, I.e.

< Adgyv1, Adguy >=<v1,v9 > Vo, w € g,Vg € G.

e Let X be a Riemannian surface, P a principal
G-bundle over the base > and (M,w,G,®) a
symplectic manifold with a Hamiltonian action.

e For any equivariant v : P — M, we obtain a section of
u:Y — P xqg M, where
PxgM =P xG/{(p,m) ~ (pg,g~'m)}, Vg € G.




Vortex equations

o Define F': A(P)xT'(X, P xg M) — Q*(%,P(g)) by
F(A, u) = FA,u = 'y + v ddVols..

e Consider the functional

FAW) = |Fals = [ < FauhsFan>

e (A,u) satisfies the vortex equation if it is a critical
point of f




Vortex equations

o Denote by M = A(P) xI'(X, P xg M).
o The Ty M = QYZ, P(g)) x D(Z, Vert(u* T (P xg M))

e Then (A, u) Is a critical point if and only If for every
variation of section of u; € I'(X, P x¢ M) and

a € QY(X,P(g)),

d d
%‘tZOHFA‘FtTF*CL,UtH%Q - %‘tzo/ < Fattrrau, N* At tnea,u,>
bY
= 0.




Sketch of the computation

o To see that, we need a few ingredients.

o Letv = %\tzout.

o Notice 4|i—0Faiina = m(dr*a + [A A 7%a]) = 7 (daa)
by definition of d 4.

e Using the property of Hodge operator, the fact that
<, > on g Is invariant and Stokes theorem, we can
show that

/<dAa/\>|<FA>:/<a/\dA>kFA>
> >




Sketch of the computation

e The symplectomorphism of the group action on M
iInduces a symplectic 2-form w on VertT'(P xg M)
from the form w of M.

e Using the Hamiltonian property of ¢, we obtain
dq)u(x) (U) — —iku(x).

e Thus

d
/ < %‘tzou:@dVOlz A *FA,u > = / < u*d@(v), *FA,u > dVO'E
)y Y

:/Zwu(x)(XEFA,u7U)dVO|Z




Sketch of the computation

o We can write the condition of critical point as

2/ < aN*xFy, > +2/ W (z) (XfFA ,v)dVoly, =0
> ) "

e Hence, by nondegeneracy of w, we obtain
dyFay =*da* Fpa,u =0

and
be.

* A o

= 0.




Regularity of solutions

o One may ask what the regularity of such solutions
are, I.e. are they In certain familiar spaces.

o One way is to start from weak solution and use some
regularity theory in PDE to bootstrap the regularity of
the solution.

e One may not expect such solutions are smooth. A
simple counterexample we understood is the trivial

bundle with S; action where there are solutions in C'
but not of higher derivative class.




Regularity of solutions

e However, it may be that under some transformation,
the solution can become smooth.

e A gauge transformation ¢ : P — P IS a map
satisfying ¢¥(pg) = ¥ (p)g and T oy = Id on .

e Under the gauge transformation defined on M by
natural pull-back operations, we obtain another
solution.




Regularity of solutions

e Conjecture: Any solution to the vortex equation can
be gauge transformed to a smooth solution.

o We are still working on this conjecture.
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