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1. INTRODUCTION

Suen [8] found a remarkable correlation inequality, giving estimates for the
probability that a collection of dependent random indicator variables vanish
simultaneously, or in other words, for the probability that none of a collection of
dependent events occurs.

The present author [3, 4] has found similar inequalities for a much more
restricted situation; when applicable, these inequalities are somewhat better than
Suen’s, although the difference is negligible in many cases (see Section 8). Those
inequalities have been used by several different authors for a variety of problems;
there are, however, many situations where they are not applicable (see [5, 8] for
two examples), and then Suen’s inequality is a very attractive choice.

The purpose of the present note is to present some improvements and modifi-
cations of Suen’s original inequality, which (we hope) will be easy to apply in
different situations.

The estimates considered here are exponential (unlike, for example, Chebyshev’s
inequality), in the sense that they typically are similar to the estimate exp(— w) for
the independent case, where w is the expected number of events. They are thus
aimed at the case where the studied probability is very small and has to be shown
to be very small. In many applications, constants occurring in the estimates, even in
the exponents, are immaterial; on the other hand, there are applications where
very precise estimates are desired. For this reason, and because different versions
of the inequality turn out to be useful in different situations, we will give several
different versions of our estimates.

We give several upper bounds to the probability of simultaneous vanishing of a
collection of indicator variables in Section 3; these are perhaps the main results of
the paper. We give some corresponding lower bounds in Section 4, and in Section 5
an upper bound for the probability that only a few of the variables are nonzero.
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Section 6 contains the proofs of the results, while Section 7 contains three
examples related to the sharpness of the results. Finally, Section 8 contains a short
discussion of the results and some open problems.

2. NOTATION

Through the paper we will use the following assumptions and notation. Recall that
an indicator (or Bernoulli) random variable is a random variable taking only the
values 0 and 1.

e {I},c , is a finite family of indicator random variables (defined on a common
probability space).

e T' is a dependency graph for {L}, _ ,, i.e., a graph with vertex set .# such that if
A and B are two disjoint subsets of .#, and I" contains no edge between A
and B, then the families {7}, , and {I};.  are independent.

e §=1X,I. In particular, S = 0 if and only if all ;= 0. The expression P(S = 0)
in the theorems below may thus be regarded as shorthand for P(every I, = 0).

e i ~j, where i,j .7 if there is an edge in T between i and j. (In particular,

i*iQ)

i~A,where ieand A C.7 if i ~j for some j €A. (i €A is not excluded.)

e p;=P(;=1)=EI. Thus P(I,=0)=1—p,.
e p=ES=1,p,

* 4= Zj~ipj'

e §=max;. ;0.

A=Y i~ ;E;1;), summing over unordered palrs {i, j}, i.e., over the edges in
F As a sum over ordered pairs, we have A= 3Y,_ ¥ i~ ,[E(I 1).

=Ly i~ ;PP = 3 ic »P;5. Note that A; <A if the varlables are posi-
tlvely correlated, while A; > A if the Varlables are negatively correlated.
e c=max, . .p;

Remark 1. In typical applications, there exists a natural dependency graph, but it
should be observed that in general there is no unique choice, even if it is required
to be minimal.

Remark 2. 1In the Lovasz local lemma (see, e.g., [1]), a weaker notion of depen-
dency graph is used, where the independence condition above is required only
when A is a singleton {7} (but B still is an arbitrary subset). These strong and
weak versions are not equivalent, but we do not know any application where the
difference matters.

We do not know whether the results below hold if T" only is assumed to be a
dependency graph in the weaker sense.

Remark 3. In particular, two variables [; and I; are independent unless there is
an edge in T between i and j. Note, however, that this weaker condition (i.e., the
condition above when both A4 and B are restricted to singletons) does not imply

that I' is a dependency graph, and that it is not sufficient for our results.
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For a simple counterexample to many of the results below under this weaker
condition, color the vertices of the complete graph K, at random (independently
and with equal probabilities) with two colors, and, for each edge #j, let I;; be the

n

indicator that i and j have different colors. These ( 2)
pairwise independent, so we could take I" to be the empty graph with no edges, and
then the upper bounds below are all less than 2~ ”*_for some ¢ > 0; on the other

hand, clearly S=0 if and only if all vertices have the same color, and thus
P(S=0)=2'"""

indicator variables are

Remark 4. 1In several related papers, A is instead defined as a sum over ordered
pairs, yielding twice our value. This should be kept in mind when comparing
results.

3. UPPER BOUNDS

As explained in the Introduction, in this section we will give several different upper
bounds for P(S = 0), suitable for different (present or future) applications.

We begin with a slight improvement of Suen’s original inequality [8], essentially
following (but sharpening) the original proof. (Suen [8] has 2(E(Z; ) + p, p;) instead
of E(1,1;) below; the p, p; is readily needed only for his lower bound (see Section 4),
while the factor 2 is removed by a more careful estimate in the proof.) For
convenience, all proofs are given in Section 6.

Theorem 1.  Let {I.},c , be a finite family of indicator random variables having a
dependency graph T. Then, with notations as above,

P(S=0)<exp| Y ELL) TT (1-p) 111;[](1—171)-

G, j)i~j k~{i.j}

Large products are often less convenient than large sums. For example, it is
often convenient to use the standard estimate [T(1 —p,) <exp(—YXp)=e"*. In a
similar spirit, the estimate in Theorem 1 can be modified as follows, often without
significant loss.

Theorem 2. With assumptions as in Theorem 1,

—w+Ae??

P(S=0)<exp|—u+ Y E(I )eXp( )y pk)

Pli, jYi~j k~{i, )

Theorems 1 and 2 are useful, and often quite sharp, when A < p and & is small.
If A>p, Theorem 2 (and typically Theorem 1, too) is worthless, since the
right-hand side becomes greater than 1. In this case, the following version becomes
useful.
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Theorem 3. With assumptions as in Theorem 1,

mooM

2
P(S =0 —min| —, —, =
( )SCXp( mm(SA’68’2)

= M7 /max(8A,2p,68p)

The numerical constants in the exponents can be improved, but there is (with
our proof, at least) a tradeoff between the different constants, and the optimal
choice depends on the relations between w, A, and 8. The version given here is a
compromise that is meant to be both simple and reasonably sharp. In an applica-
tion where constant factors in the exponent are important, it is probably better to
use the proof below, in particular (8), and choose g there according to the situation
at hand.

Of the three quantities in the exponents in Theorem 3, the one involving & is
typically the least important. If we do not care about the constants, we can always
replace it by a term involving A, which in many applications is dominated by A.
(Again, the constants given here are not optimal.)

Theorem 4. With assumptions as in Theorem 1,

IP(S _ 0) < efy,z/max(32A,48A0,4p,)'

Theorem 5. With assumptions as in Theorem 1, if furthermore the variables {1} are
positively correlated,

P(S _ 0) < efuz/max(48A,4u).

We do not know whether the terms involving & really are needed in the
estimates above (cf. Section 8). In most applications they are harmless, but in at
least one [5] they affect the final result significantly. For that reason, we give two
slightly stronger versions of Theorems 1 and 2, where this term is reduced as much
as we have been able to achieve.

Define

xe* —e*+1 e —1+x

1
(pl(x)=2/(; tedt=2 e =e* /2

and observe that 1 < ¢,(x) <e* for x > 0. For small x, ¢,(x) =1+ 3x + O(x?).

Theorem 6. With assumptions as in Theorem 1,

P(S=0) < exp %ZZ[E(IiI,)(l—p,)lwl( ) pk/(l—pk))

ije~i k~{i, ), k+i,j
X [T(1-p)
les
<exp(A(1—&) "¢, (26/(1— 8)))1@(1 )

and
P(S=0) <exp(—pu+e%(2¢5)A).
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Joel Spencer [6] has found a different proof of this type of inequality, using only
elementary probability calculations. This proof yields the following result, which
sometimes is better than Theorem 6; when & is negligible, Theorem 7 is better
when 0<8<0.225..., while Theorem 6 is better for larger §. (This strongly
suggests that neither is the best possible proof, and that there is room for future
improvements of these results.)

Define ¢,(x), 0 <x <e™!, to be the smallest root of

@r(x) = e, (1)

It is well known that ¢, is well defined in [0, e~ '], with the Taylor series

* (n+1)”_1 .

@y(x) = b

|
0 n.

x", 0<x<e

in particular, @,(x) =1 +x+ O(x?).

Theorem 7 (Spencer [6]).  With assumptions as in Theorem 1, if furthermore &+ & <

e !,

[FD(S = 0) S6A¢2(5+€) l_l (1 _pk) Se*M+A¢z(5+£)'
kes

Remark 5. As seen from the proof of Theorem 7, further improvements are
possible if the dependency graph is such that the neighborhoods of two adjacent
vertices overlap significantly; cf. Theorem 6, where such an effect can be seen in
the first upper bound.

4. LOWER BOUNDS

Suen [8] gave also a lower bound to P(S = 0) corresponding to his upper bound.
Although the lower bound seems to have fewer applications, for completeness we
also give an improvement of it, corresponding to Theorem 1. (We ignore further
improvements corresponding to Theorem 6.)

Theorem 8. With assumptions as in Theorem 1, let

A=Y E(LT) I—I}(l—pk)‘l,

G, )i~ k~{i,j

Ny= Y pp H}(l—pk)fl-

G, j}i~j k~{i,j

Then
P(S=0)>(1-A4j eXP(A*))kl;I](l —DPi)

> (1- Aoez’s/“_e)exp(Aez’S/“_e)))k]_[j(l —pi)-



472 JANSON

Remark 6. The careful reader may observe from the proof that the factor exp(A*)
can be replaced by the somewhat smaller ¢;(A*), where ¢4(x) =(e*—1)/x. (We
do not know whether this factor depending on A* really is needed at all, or
whether it is an artefact of our proof.)

Moreover, since Afexp(A*) < exp(Af + A*) — exp(A*) < exp(Af + A*) — 1, the
factor 1 — A%exp(A*) may be replaced by the smaller 2 — exp(A* + A%); Suen [8]
has 2 — exp(2A* 4+ 2A%).

Theorem 8 is useful only when A, <1 and A is small, but even then it is often
surpassed by the following quantitative version of the Lovasz local lemma (cf. [1,
Chap. 5)).

Theorem 9. With assumptions as in Theorem 1, suppose further that §+ s <e™ .
Then, with ¢, defined by (1),

P(S=0)>exp(—ue,(8+¢)).

5. TAIL ESTIMATES

It is also possible to obtain exponential upper bounds for the lower tails P(S <
M), A < u, of the distribution of S, similar to the bounds given above for P(S = 0).
(There are no similar general bounds for the upper tails P(S > A), A > u (see [3,
Example 2]).)

Theorem 10. With assumptions as in Theorem 1, and 0 <a <1,

2

(1-a)—

P(Sgap,)gexp(—min((l—a)Z 5

8A+2u’

Note that the special case a = 0 yields the corollary
[P’(S _ 0) < e—#z/max(8A+2p,,66p.)’

which is only slightly weaker than Theorem 3.

Remark 7. The tail bounds given in [3] for a special case are of the same type as
Theorem 10, but somewhat better; there 8A is replaced by 4A, and there is no
term with 8.

6. PROOFS

We define for each index i €. a partition .#={i} UN, U U, of the index set, with
N, ={j €. j~i} (the neighbors of i in T'), and thus U, ={j #i: j » i}; hence [, is
independent of {Ij: je Ul
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Proof of Theorem 1. Define, for 0 <t < 1, the random function
F()=11] (I =p;—t(L;—p:))-
ies

Thus F(0)=TIT,(1 —p,) and F(1) =T1,(1 —1I,), so EF(1) = P(S = 0). We thus want
to compare EF(1) and EF(0)=F(0). (Note that in the case of independent
indicators I, EF(¢) is independent of ¢.)

We differentiate and obtain, introducing the notation F,(¢) =TT, (1 — p)t([;
—p) for A .7,

F'(t)__Z(I P;)H(l P]_l(l p]))=_Z(Ii_pi)FJ\{i)(t)

j#l
== 2 (L;—p) Fy, () Fy (1) (2)
i
Note that, for 0 <¢ <1 and each j,
0<1-p—t(I,—p))<1-p+ip<1. 3)
Hence, for any set 4 C.7,

0< TT(L-p+mp) —FEit) < X, (4)
jeA jEA
and thus, considering the cases I, =0 and I, = 1 separately,

(L, —p;) l_[(l —p;+p;) — FE(1) <IZH (5)

JEA

Choosing A = N,, this and (2) yield
F’(f)<—ZF (O p,)l_[(l —p;j+ip;) + ZF (O X .

JEN; JEN;

Since, by the definition of a dependency graph, I, and F,(¢) are independent,
E(Fy(¢XI; — p;)) = 0. Moreover, using (3), Fy,(¢) <FU auD Wthh is independent
of II Hence, for 0 <t <1,

EF'(1) < ¥ Y E(LLF (1) < X X AE(LLFy (1))

=t), Z[E(Iilj)[EFU,mU,(t)- (6)

i je~i
Now, let y;; = E(LIDIT, . A —p)~" and A* =% ;. _y;. We claim that

EF(t)<e"™ T1(1—-p,), O=<t<l. (7)
kes

In fact, we may be induction over |.#], the number of variables, assume that the
corresponding inequality holds for FF,(¢) for every proper subset A of .7. Since
the corresponding values j,“” for a subset A (and i, j € A) satisfy y(A) <y, it then
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follows from (6) that, using also that when i~j, 7\(U NU)=N,UN,={k: k ~
{i, 3,

EF'(t) Stz Z [E(Iilj)eIZA* 1_[ (1=py) =t2 ZYijetZA*kEL(l —DPr)

i j~i keUnUy; i j~i

2 A% d 2 A%
=2t [T (1—py) = Eet “TL(-po).
kes ! kes

The estimate (7) now follows by integration, since it holds (with equality) for ¢ = 0.
The theorem follows by choosing ¢ =1 in (7). [ |

Remark 8. 1If all p;, are equal, p,=p say, then F(t)=(1—p +ptle "5, with
u=In((1 —p+1p)/(1 —p)1 —1)); hence estimating FF(¢),0 <t <1, is equivalent
to estimating the Laplace transform Ee “5,u > 0. In general, with unequal p;,,
EF(¢) is not equivalent to the Laplace transform; nevertheless, Ee 5 may be
estimated by arguments similar to the ones above, which leads to results similar to
the ones given here. It seems, however, that estimates of F (as in Suen’s paper [8])
lead to slightly stronger results. For applications of the Laplace transform, see the
proof of Theorem 10 below, and [4, 3], where it is used advantageously in a special
case.

We derive Theorems 2—5 as corollaries to Theorem 1 by performing a random
thinning of the family {7;}. (This idea is used by Alon and Spencer [1] for a related
inequality.) Let ¢, [0,1] and let J,~Be(g,) be Bernoulli variables that are
independent of each other and of {/;}. Define I/ =1,J;, and §' =X, /I/. Clearly,
S’ < S, and thus P(S = 0) < P(S’' = 0). Moreover, I is a dependency graph for {1}
too. Consequently, we may apply our estimates to the family {//} and obtain new
estimates for P(S = 0); with suitable choices of ¢;, this may improve the original
estimate.

Let pi=EI =p,;q;; thus 0 <p} <p,.

Proof of Theorem 2. 1If we choose ¢q; =(1 —e™??)/p,, and thus p.=1—e~ i, then
Theorem 1 applied to {1} yields

P(S=0)<P(S'=0)<exp| ) q,4;E(L 1) IT e<|I]e ",
G, j}i~j k~{i,j} les
which implies the first inequality.

The final estimate follows because ¥, . ; 4Py < 6; + 8, <28. [ |

Proof of Theorem 3. Using a new thinning {;}, this time choosing all ¢, =g for
some ¢ € [0, 1], we obtain from Theorem 2 applied to {1},

298

P(S=0) <P(§'=0) <e qr+aae (8)

We choose g =min(u/4A,1/36,1); then gA <u/4 and e*?° <e?? <2, and
consequently (8) yields

P(S=0) < e IrTA/Dan = p=(1/Dqn

which is the desired result. [ |
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Proof of Theorem 4. This time we use a deterministic thinning {7} where

ie o

F={ies 8,<4A,/u}.

We let /, A, and 6" denote the quantities for our subfamily {/;}; , corresponding
to u, A, and 8. By our choice of 7,

n
ZP,‘ <—) Pio;= ——
4 47 s 44,

Hoa =2,
2

and thus

U
K=Xp=Xp-Lpzp= 5=
ies ies T34

Moreover, clearly 6’ <4A,/n and A <A,
Consequently, Theorem 3 applied to §" =X, . ,1; yields

P(S=0)<P(5'=0) < o min(u’ /BN, ' /68" ' /2) < e min(u? /328,07 /4880, /%) g

Proof of Theorem 5. When the variables are positively correlated, E(1;1;) > p; p;,
and thus A > A,. [ |

Proof of Theorem 6. We follow the proof of Theorem 1, improving some esti-
mates. We define, for 4 .7, B,(t) =T1,. ,(1 —p, + tp,). Using (3), we can improve
4) to

Il (1 _Pj+t}7j) —F()< X t By (1)

JjEA jea
and then (5) to
(1; _Pi)( 1_1[4 (1-p;+ tPj) _FA(Z)) <IL(1-p) 2 t; By (1) - €))
JE JEA

Moreover, Fy(t) SFUIﬁUj(t)IBU,-\Uj(t)’ which together with (9) yields as an im-
proved version of (6), for 0 <t <1,

EF'(1)<t), ) [E(Iilj)[EFU,mLf](t)(l _Pi)BN,\{j}(t)BU,\q(t)- (10)

i j~i
We now define, when i ~j, N;; = (N\{jD U (U\U) = N, UN\{i, j},

p(t)=t) ), [E(Iilj)(l _P,')i1 1_[(1 —tp/(1—py;))

i je~i EN;

and

V(1) = f{:t,[/(s)ds.
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It then follows from (10) by induction as in the proof of Theorem 1 that

EF(t) < Tl (1-p,), O<t<l. (11)
kes

The first claim in the theorem now follows by choosing =1 in (11), observing
that

P(r) < tZ Z'ﬂz([ilj)(l —P,-)lexp(kZ /(1 _Pk))
i j~i ENy
and thus
()= [was T TEID0-p) e T p/-p0).
i j~i EN;;

The second inequality in the theorem is intermediate.
For the final estimate, we perform a random thinning with p;=1—e7?i as in
the proof of Theorem 2; we leave the details to the reader. ]

For Theorem 7 we use the following form of the Lovasz local lemma, which is
easily proved by induction (see [1, Lemma 5.1.1 and its proof]). Let, for A .7,
Sa=2Lical

Lemma 1. With assumptions as in Theorem 1, suppose further that x,,i €.7, are real
numbers such that 0 <x; <1 and

pi<x]l(1-x), iex (12)
j~i
Then, for any two subsets A, B .7,P(S, = 0[S, =0) =TT, . ,(1 —x,). [
We will employ Lemma 1 with the following choice of x;,.

Lemma 2. With assumptions as in Theorem 1, suppose further that §+ e <e™'. Let
o= ¢@,(8+ &), where ¢, is defined by (1), and let x;=1—e ¢Pi, i €.7. Then (12)
holds, and, for any two subsets A, B C.7,

|]j)(SA = 0|SB = 0) > 1_[ (1 _xi) =€7‘P):i€/1pi.

icA
Proof of Lemma 2. By (1), ¢®®*®¢ = ¢, and thus

xil_[(l _x,-) = (1 — e*qop,)e*wﬁ,- = (eqop,- — 1)6*(5#1);)47 > @pief(éﬂ)qo =p;.
Jj~i

Consequently (12) holds, and the final inequality follows by Lemma 1. [ |
Proof of Theorem 7 (after Spencer [6]). The main idea is to estimate the condi-

tional probability P(Z;=0IS ;= 0). Recall that S, =Sy + S, and that [,
and S, are independent; furthermore, note the elementary 1dent1ty P(E,|E, and
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E;))=P(E, and E,|E;)/P(E,|E;) for any three events E,, E,, E;. Consequently,
we have the estimate

P(I;=1and Sy =0IS, =0)
P(Sy,=0lSy,=0)

[P’(Il- =S, = 0) =

>P(I;=1and Sy =0IS; =0)
=P(1,=1IS,=0)~ IP( U {L=1=1}s, = 0)
j~i

=P(;=1) - Y P(I,=I;=1I5,=0). (13)

Similarly, when j ~i €., since {I,, Ij} and Sy v, are independent,

ﬂj)(]i=]j= 1 and SUIanzolsUi“szo)
[FD(SU’mNj = 0|SU:‘”UJ’ =O)

P(L;=1; =118y, =0) P(,=1=1)

P(L,=1,=1IS, =0)=

Applying Lemma 2, we thus obtain
P(L=1=11Sy =0) <P(I,=1=1)e®™=u"nPx, (14)

Note that p; <x; by (12), and thus 1=(1 —x,)e?’ < (1 —p,)e®’; moreover,

(N; N U) U{i} =N\ N, provided i ~j. By combining (13) and (14) we thus obtain
the sought estimate,

P(L=0lS,.,=0)<1-p+ Y P(,=1=1|S,=0)
j~i
<1—p;+(1=p)e* ) P(I =1 = 1)e#Ekevin NP

j~i

= (1 _pi)(l - Z [E(Iilj)equ"e”j\/vim)

j~i
<(1 —pl-)exp( Z[E(Iilj)e‘PZkeNj\Nipk). (15)
j~i

For the final step, we may assume that the index set #={1,...,n}. We apply
(15) to the subset {1,...,i} of .# and obtain, for i =1,..., n,

P(= 0l = =1, =0) < (1-p)ewp| T E(L1)esemnn]

j~ijsi

s(l—pi)exp( ) [E(Iilj)e“’af).

j~ij<i



478 JANSON

The result follows by multiplying these inequalities for i=1,...,n, and using
e®% < et = o ]

Proof of Theorem 8. We follow the proof of Theorem 1. The main idea is that
there is a lower bound corresponding to (5), viz.,

=) T =p+ ) ~Ei0)) 2 =p T 11,

JjeA

The same arguments that led to (6) then yield (we leave the details to the reader),
for0<r<1,

EF'(1) > —t) Zpipj[EFUiﬁU,»(t)'

ij~i

We now use the upper bound to EFy - ,(#) proved in (7) and obtain

EF(t)= -ty Yppe™ T1 (1-ps)
i j~i keUnU;

= —2tAje A Y (1-p) = —2tA5e® Z (1=py)-
kes

Integrating this for 0 <¢ < 1, we obtain
F(1) = F(0) > —&5¢* TT (1-py).
kes

Since P(S =0)=F(1) and F(0) =TI, . ,(1 —p,), this yields the first inequality in
the statement. The second follows by the estimate (1 —p,) ™' <exp(p, /(1 —p,)) <
exp(p,/(1 — &)). [ |

Proof of Theorem 9. This is just the special case 4 = and B = of Lemma 2. B

Proof of Theorem 10. We use the standard method of first estimating the Laplace
transform Ee ™S and then applying Markov’s inequality. As remarked above, it is
possible to estimate the Laplace transform directly by the method of the proof of
Theorem 1. For simplicity, and to avoid repetitions, we will instead use the results
above together with another thinning.

Define thinned variables I] =J.I, as above with g;=1—¢~" for every i €.
Since the thinned sum §’ equals 0 if and only if J;I; equals 0 for all i, i.e., if and
only if J;, = 0 for the S indices i with I, =1, the conditional probability P(S" = 0|S)
=¢S5, and thus

P(S'=0) =Ee ™.

Now, for the thinned family {I/}, W =(1 —e Du=> ¢ —1*/Du, A =1 —e ')A
<t?A, and 8 =(1 —e ")8 < 8. Consequently, Theorem 2 yields

_ - 1,28 _ 2 218
Ee tS P(Sr O)Se w+Ae <e tu+to(p/2+Ae )’
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and thus by Markov’s inequality, for any ¢ > 0,
[FD(S < a/J“) < [Eetal.LftS < e*t(lfa)/.L+tz(,u,/2+Ae2'5). (16)

We choose here ¢=min((1 —a)u/(4A + w),1/38); then e*°<e?/*<2, and
thus

P(zp+Ae’?) < 37 (p+4A) < 5t(1—a)p.
Consequently, (16) yields

P(S<ap) <e 'd-on/2

which is the claimed result. |

7. EXAMPLES

We give three examples showing that the estimates above are of the right order,
and that no dramatic improvements are possible in general. We begin with two
simple examples.

Example 1 (positive correlations, upper bounds). Let m,n>1and 0 <p <1, and
consider mn Be( p) variables consisting of n groups of m variables each, such that
different groups are independent, while the m variables in each group are identical.
Let T" be the obvious dependency graph consisting of n disjoint copies of the

complete graph K,,. Then pu=mnp, A= (’;)np, d=(m—1p,e=p, and P(S =0)
=1-prn
Consider first the case m =2, and thus w = 2np, 6 = np. Theorem 1 yields

P(S=0) <exp(np(1-p) *)(1-p)™";
the ratio between the right- and left-hand sides is (for p < 1/2, say)
exp(np(1 —p)fz)(l -p)'= exp(np(1+2p+0(p?)) —n(p+3p>+0(p?)))
= exp(3np> + O(np?)).
Note that the leading terms np in the exponent cancel, which shows that the

estimate is quite sharp. Note also that the term IT, _; (1 — pi) ' in the exponent
in Theorem 1 cannot be eliminated completely; in this example,

|P(S=0)>exp(A)11;(1 -p))- (17)

Theorem 2 yields the slightly weaker

P(S =0) <exp(—2np +npe?) = exp(3np> + O(np?))P(S =0).
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The improved bound in Theorem 6 is

exp(np(1 —p)_l)(l —p)" = exp(znp* + O(np*))P(S =0),

while Theorem 7 in this example yields (for p < 1/2e) the weaker

exp(npe,(2p))(1 —p)*" = exp(3np* + O(np®))P(S = 0).

Let us now consider m > 3. Then A > u, and the bounds in Theorems 1 and 2
are > 1. For any m > 2, and p <2/3, Theorem 3 yields

m

P(S=0) <exp(—pu*/8A) = exp( - mnp),

which for small p is off by a constant factor in the exponent. Theorems 4 and 5
yield similar results, with even worse constants in the exponent.

Example 2 (negative correlations, lower bounds). Let m,n>1and 0<p <1/m,
and consider again mn Be(p) variables consisting of n independent groups of m
variables each, this time assuming that the m variables in each group are such that
never more than one of them equals 1. Then with I' as in the preceding example,

LI,=0 (whenever i ~ j, and thus A = 0; moreover, u =mnp, A, = (’5’ )np2, d=(m
—Dp,e=p,and P(S =0)=(1 —mp)".
Theorem 8§ yields

P(S=0)> (1 - (’;)npz(l —p)"")(l -,

where the ratio between the right- and left-hand sides is (for mp <1/2 and
nm?p? < 1, say)

exp( - (?)npz(l +O0(mp + nmzpz)) - mn(p +1ip?+ O(p3))
+n(mp + 3m’p* + O(m’p?))
= exp(O(nm’p’ + n*m*p*)).
This is quite sharp for small mp, provided » is not too large, but fails utterly when
nm(m — 1)p*>2, and thus A, > 1.
Theorem 9 yields, for mp < 1/2e,
P(S =0) > exp( —mnpe,(mp)) = exp(—mnp — nm’p* + O(nm’p?))
= exp(— znm’p* + O(nm’p*))P(S =0).

This, too, is quite sharp when mp is small. It performs better than Theorem 9 when
n is large, but not as good when both mp and nm?p? are small.
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Example 3 (negative correlations, lower bound). This more complicated example
is due to Shearer [7], to which we refer for further details; it shows that the
condition 6§+ e<e~! in Theorem 9 is the best possible. (We make a minor
modification, since Shearer only considers the weak version of dependency graphs;
cf. Remark 2.) More precisely:

Claim. [Ifa>e™', then there exists a finite family {1}, . , with a dependency graph T
such that 5+ & <a and P(§ =0)=0.

Shearer’s construction is as follows. Given a graph I' and 0 <p <1, let V' be the
vertex set of T, say that a subset of 1/ is dependent if it contains both endpoints of
some edge in I' (and independent otherwise), and define a signed measure w , on
2", the space of all subsets of V, such that for each A CV,

p!l A is independent,

ECV:EDA} =
pr{ECSV: E24) 0 A is independent.

It is easily seen that this defines a unique measure uy ,, since uy ,({A4}) may be
expressed by inclusion-exclusion for every ACV. up , may assume negative
values, but if it is a positive measure, i.e., if wp, p({A}) > 0 for every A CV, then
K, , is a probability measure on 2¥, and it is easily seen that with this measure, the
indicators [, =1(i € E),i €V, form a family of random indicator variables with
dependency graph I'; moreover, then p,=EI =p for each i, and E([,[;)=0
whenever i ~j.

Let a,, =(m+2)m™/(m + 1)™*! Then a, — e ' as m — =, and we may then
fix m > 1 such that q,, <a.

Let b=a/(m+2)>m"/(m+ 1)"" . Shearer [7] showed that this implies that
there exists an m-ary tree G such that u; ,(&J) <0. We fix such a G; note that the
root of G has degree m, the leaves degree 1, and all other vertices degree m + 1.

On the other hand, it is easily seen that if p is small enough, then ug; , is a
probability measure. (Indeed, if p <m™/(m + 1)™* !, there is a simple probabilis-
tic construction of ug ,: add external edges to the root and leaves of G such that
every vertex has m + 1 edges, 1 going “down” and m going “up,” color all edges
black or white independently at random with P(white) = g, where g(1 —¢)" =p;
define I, =1 if the edge going down from vertex i is white and the m edges going
up are black.)

By continuity of p — min{ ug;. p({A}): A cV is independent}, and the fact that
re, ,({A}) = 0 whenever A is dependent, it follows that for some p with 0 <p <b
we have ug. p({A}) >0 for each A, and thus p; , is a probability measure, but
%S p({A}) =0 for at least one independent set A.

Fix such p and A, and let T be the (induced) subgraph of G obtained by
deleting all vertices in A together with all of their neighbors. (In fact, it seems
likely that 4 =, and thus T' =G, but we have not verified this.) By a simple
calculation [7], for every B € V(I), ur ,({BY = pg ({4 U B})/p'1l; thus Kr,, isa
probability measure with wp (&) = 0.

Let the indicators I, be defined as above. For this family of indicators then
P(S=0)=pur (@ =0 and 6+ e=<(m+Dp+p<(m+2)b=a, which verifies
the claim.
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8. DISCUSSION

We may compare the upper bounds given in this paper with the results previously
obtained in the special case where the indicators I; all are of the type ;. /)
where {J};c, is a family of independent indicator variables and the Q, are
(arbitrary) subsets of the index set Q. In this case, using our notation, [3, 4] give the
bounds

P(S=0)<exp(—un+A); (18)

and
P(S =0) < oxp(—u2/ (24 + p)); (19)

Boppana and Spencer [2, 1] give, using a different proof and under somewhat more
general conditions,

P(5=0) <exp(8/(1=2) [T(1-p) <exp(~u+4/(1-2)). (20)

(Alon and Spencer [1] also give, under the same conditions and provided 2A > u(1
— &), the bound exp(— u?*(1 — &) /4A); this is similar to but larger than the bound
in (19).)

The bounds given here in Section 3 (for a much more general situation) are of a
similar nature, but somewhat larger. The main difference is that 6 plays no role in
the bounds in the special case; for example, the bound in Theorem 2 differs from
(18) only by the factor e*° multiplying A.

Furthermore, the constants in the exponent in the bounds in Theorems 3-5 are
not as good as in (19) for the special case.

Example 1 shows that the A in the exponent in Theorem 2 and (18) is quite
sharp; for example, it cannot in general be multiplied by a constant less than 1.
However, we do not know whether the factor e*° multiplying A in Theorem 2
really is needed. As remarked above, the incomparable estimates in Theorems 6
and 7, which represent two different attempts to reduce this factor, suggest that
none of the these results is the best possible. Indeed, it seems possible that the
result (18) known for the special case above holds generally. (Recall, however, from
Example 1 that the corresponding factor IT, . (1 — pi)~ " in Theorem 1 cannot
be completely eliminated (see (17)). Similarly, by the same example, the factor
1/(1 — &) cannot be removed from the first bound in (20).)

Similarly, there seems to be room for improvements of the constants in Theo-
rems 3—5. Example 1 shows that the best one could hope for is something like (19);
for example, the constants in front of A and w there are the best possible.

This leads to the following open problem.

Problem 1. Do (18), (19), and (20) hold under the assumptions of this paper?
There are other questions suggested by the results above.
Problem 2. Reference [3] gives a tail estimate similar to Theorem 10, but also a

corresponding lower bound. Is there similar lower bound under the conditions of the
present paper?
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As noted in Remark 2, the Lovasz local lemma (and our Theorem 9) requires
only a weaker version of our condition that I' is a dependency graph.

Problem 3. Do the results of this paper hold if T only is assumed to be a dependency
graph in the weaker sense?
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