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1. INTRODUCTION

w xSuen 8 found a remarkable correlation inequality, giving estimates for the
probability that a collection of dependent random indicator variables vanish
simultaneously, or in other words, for the probability that none of a collection of
dependent events occurs.

w xThe present author 3, 4 has found similar inequalities for a much more
restricted situation; when applicable, these inequalities are somewhat better than

Ž .Suen’s, although the difference is negligible in many cases see Section 8 . Those
inequalities have been used by several different authors for a variety of problems;

Ž w xthere are, however, many situations where they are not applicable see 5, 8 for
.two examples , and then Suen’s inequality is a very attractive choice.

The purpose of the present note is to present some improvements and modifi-
Ž .cations of Suen’s original inequality, which we hope will be easy to apply in

different situations.
ŽThe estimates considered here are exponential unlike, for example, Chebyshev’s

. Ž .inequality , in the sense that they typically are similar to the estimate exp ym for
the independent case, where m is the expected number of events. They are thus
aimed at the case where the studied probability is very small and has to be shown
to be very small. In many applications, constants occurring in the estimates, even in
the exponents, are immaterial; on the other hand, there are applications where
very precise estimates are desired. For this reason, and because different versions
of the inequality turn out to be useful in different situations, we will give several
different versions of our estimates.

We give several upper bounds to the probability of simultaneous vanishing of a
collection of indicator variables in Section 3; these are perhaps the main results of
the paper. We give some corresponding lower bounds in Section 4, and in Section 5
an upper bound for the probability that only a few of the variables are nonzero.
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Section 6 contains the proofs of the results, while Section 7 contains three
examples related to the sharpness of the results. Finally, Section 8 contains a short
discussion of the results and some open problems.

2. NOTATION

Through the paper we will use the following assumptions and notation. Recall that
Ž .an indicator or Bernoulli random variable is a random variable taking only the

values 0 and 1.

v � 4 ŽI is a finite family of indicator random variables defined on a commoni ig II
.probability space .

v � 4G is a dependency graph for I , i.e., a graph with vertex set II such that ifi ig II

A and B are two disjoint subsets of II, and G contains no edge between A
� 4 � 4and B, then the families I and I are independent.i ig A i ig B

v Ž .SsÝ I . In particular, Ss0 if and only if all I s0. The expression P Ss0i i i
Ž .in the theorems below may thus be regarded as shorthand for P every I s0 .i

v Ži; j, where i, jgII, if there is an edge in G between i and j. In particular,
.i¤ i.

v Ž .i;A, where igII and A:II, if i; j for some jgA. igA is not excluded.
v Ž . Ž .p sP I s1 sE I . Thus P I s0 s1yp .i i i i i
v msESsÝ p .i i
v d sÝ p .i j; i j
v dsmax d .ig II i
v Ž . � 4DsÝ E I I , summing over unordered pairs i, j , i.e., over the edges in�i, j4: i; j i j

1 Ž .G. As a sum over ordered pairs, we have Ds Ý Ý E I I .ig II j; i i j2
1

v D sÝ p p s Ý p d . Note that D FD if the variables are posi-0 �i, j4: i; j i j ig II i i 02

tively correlated, while D GD if the variables are negatively correlated.0
v «smax p .ig II i

Remark 1. In typical applications, there exists a natural dependency graph, but it
should be observed that in general there is no unique choice, even if it is required
to be minimal.

Ž w x.Remark 2. In the Lovasz local lemma see, e.g., 1 , a weaker notion of depen-´
dency graph is used, where the independence condition above is required only

� 4 Ž .when A is a singleton I but B still is an arbitrary subset . These strong andi
weak versions are not equivalent, but we do not know any application where the
difference matters.

We do not know whether the results below hold if G only is assumed to be a
dependency graph in the weaker sense.

Remark 3. In particular, two variables I and I are independent unless there isi j
Žan edge in G between i and j. Note, however, that this weaker condition i.e., the

.condition above when both A and B are restricted to singletons does not imply
that G is a dependency graph, and that it is not sufficient for our results.
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For a simple counterexample to many of the results below under this weaker
Žcondition, color the vertices of the complete graph K at random independentlyn

.and with equal probabilities with two colors, and, for each edge ij, let I be thei j
nindicator that i and j have different colors. These indicator variables arež /2

pairwise independent, so we could take G to be the empty graph with no edges, and
then the upper bounds below are all less than 2yc n2

, for some c)0; on the other
hand, clearly Ss0 if and only if all vertices have the same color, and thus
Ž . 1ynP Ss0 s2 .

Remark 4. In several related papers, D is instead defined as a sum over ordered
pairs, yielding twice our value. This should be kept in mind when comparing
results.

3. UPPER BOUNDS

As explained in the Introduction, in this section we will give several different upper
Ž . Ž .bounds for P Ss0 , suitable for different present or future applications.

w xWe begin with a slight improvement of Suen’s original inequality 8 , essentially
Ž . Ž w x Ž Ž . .following but sharpening the original proof. Suen 8 has 2 E I I qp p insteadi j i j

Ž . Ž .of E I I below; the p p is readily needed only for his lower bound see Section 4 ,i j i j

.while the factor 2 is removed by a more careful estimate in the proof. For
convenience, all proofs are given in Section 6.

� 4Theorem 1. Let I be a finite family of indicator random ¨ariables ha¨ing ai ig II

dependency graph G. Then, with notations as abo¨e,

y1
P Ss0 Fexp E I I 1yp 1yp .Ž . Ž . Ž .Ž .Ý Ł Łi j k lž /� 4 lgIIk; i , j� 4i , j : i;j

Large products are often less convenient than large sums. For example, it is
Ž . Ž . ymoften convenient to use the standard estimate Ł 1yp Fexp yÝ p se . In ai i

similar spirit, the estimate in Theorem 1 can be modified as follows, often without
significant loss.

Theorem 2. With assumptions as in Theorem 1,

P Ss0 Fexp ymq E I I exp p FeymqD e2 d

.Ž . Ž .Ý Ýi j kž /ž /
� 4 � 4P i , j : i;j k; i , j

Theorems 1 and 2 are useful, and often quite sharp, when D-m and d is small.
Ž .If DGm, Theorem 2 and typically Theorem 1, too is worthless, since the

right-hand side becomes greater than 1. In this case, the following version becomes
useful.
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Theorem 3. With assumptions as in Theorem 1,

m2 m m 2ym rmaxŽ8 D , 2 m , 6dm .P Ss0 Fexp ymin , , se .Ž . ž /ž /8D 6d 2

ŽThe numerical constants in the exponents can be improved, but there is with
.our proof, at least a tradeoff between the different constants, and the optimal

choice depends on the relations between m, D, and d . The version given here is a
compromise that is meant to be both simple and reasonably sharp. In an applica-
tion where constant factors in the exponent are important, it is probably better to

Ž .use the proof below, in particular 8 , and choose q there according to the situation
at hand.

Of the three quantities in the exponents in Theorem 3, the one involving d is
typically the least important. If we do not care about the constants, we can always
replace it by a term involving D which in many applications is dominated by D.0
Ž .Again, the constants given here are not optimal.

Theorem 4. With assumptions as in Theorem 1,

P Ss0 Feym 2 rmaxŽ32D , 48D 0 , 4m . .Ž .

� 4Theorem 5. With assumptions as in Theorem 1, if furthermore the ¨ariables I arei
positï ely correlated,

P Ss0 Feym 2 rmaxŽ48D , 4m . .Ž .

We do not know whether the terms involving d really are needed in the
Ž .estimates above cf. Section 8 . In most applications they are harmless, but in at

w xleast one 5 they affect the final result significantly. For that reason, we give two
slightly stronger versions of Theorems 1 and 2, where this term is reduced as much
as we have been able to achieve.

Define

xe x ye x q1 eyx y1qx1 t x xw x s2 te dts2 seŽ . H1 2 2x x r20

2x 2Ž . Ž . Ž .and observe that 1Fw x Fe for xG0. For small x, w x s1q xqO x .1 1 3

Theorem 6. With assumptions as in Theorem 1,

y11P Ss0 Fexp E I I 1yp w p r 1ypŽ . Ž .Ž . Ž .Ý Ý Ýi j j 1 k k2 ž /ž /
i j;i � 4k; i , j , k/i , j

= 1ypŽ .Ł l
lgII

y1Fexp D 1y« w 2dr 1y« 1ypŽ . Ž . Ž .Ž .Ž . Ł1 l
lgII

and

P Ss0 Fexp ymqe«w 2 e«d D .Ž . Ž .Ž .1
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w xJoel Spencer 6 has found a different proof of this type of inequality, using only
elementary probability calculations. This proof yields the following result, which
sometimes is better than Theorem 6; when « is negligible, Theorem 7 is better

Žwhen 0-d-0.225 . . . , while Theorem 6 is better for larger d . This strongly
suggests that neither is the best possible proof, and that there is room for future

.improvements of these results.
Ž . y1Define w x , 0FxFe , to be the smallest root of2

w x se xw 2Ž x . . 1Ž . Ž .2

w y1 xIt is well known that w is well defined in 0, e , with the Taylor series2

ny1` nq1Ž .
n y1w x s x , 0FxFe ;Ž . Ý2 n!0

Ž . Ž 2 .in particular, w x s1qxqO x .2

Ž w x.Theorem 7 Spencer 6 . With assumptions as in Theorem 1, if furthermore dq«F
ey1,

P Ss0 FeD w 2Ždq« . 1yp FeymqD w 2Ždq« . .Ž . Ž .Ł k
kgII

Remark 5. As seen from the proof of Theorem 7, further improvements are
possible if the dependency graph is such that the neighborhoods of two adjacent
vertices overlap significantly; cf. Theorem 6, where such an effect can be seen in
the first upper bound.

4. LOWER BOUNDS

w x Ž .Suen 8 gave also a lower bound to P Ss0 corresponding to his upper bound.
Although the lower bound seems to have fewer applications, for completeness we

Žalso give an improvement of it, corresponding to Theorem 1. We ignore further
.improvements corresponding to Theorem 6.

Theorem 8. With assumptions as in Theorem 1, let

y1UD s E I I 1yp ,Ž .Ž .Ý Łi j k
� 4k; i , j� 4i , j : i;j

y1UD s p p 1yp .Ž .Ý Ł0 i j k
� 4k; i , j� 4i , j : i;j

Then

P Ss0 G 1yDU exp DU 1ypŽ . Ž . Ž .Ž . Ł0 k
kgII

G 1yD e2 d rŽ1y« . exp De2 d rŽ1y« . 1yp .Ž . Ž .Ž . Ł0 k
kgII



JANSON472

Ž U .Remark 6. The careful reader may observe from the proof that the factor exp D
Ž U . Ž . Ž x . Žcan be replaced by the somewhat smaller w D , where w x s e y1 rx. We3 3

do not know whether this factor depending on DU really is needed at all, or
.whether it is an artefact of our proof.

U Ž U . Ž U U . Ž U . Ž U U .Moreover, since D exp D Fexp D qD yexp D Fexp D qD y1, the0 0 0
U Ž U . Ž U U . w xfactor 1yD exp D may be replaced by the smaller 2yexp D qD ; Suen 80 0
Ž U U .has 2yexp 2D q2D .0

Theorem 8 is useful only when D -1 and D is small, but even then it is often0
Ž wsurpassed by the following quantitative version of the Lovasz local lemma cf. 1,´

x.Chap. 5 .

Theorem 9. With assumptions as in Theorem 1, suppose further that dq«Fey1.
Ž .Then, with w defined by 1 ,2

P Ss0 Gexp ymw dq« .Ž . Ž .Ž .2

5. TAIL ESTIMATES

ŽIt is also possible to obtain exponential upper bounds for the lower tails P SF
. Ž .l , l-m, of the distribution of S, similar to the bounds given above for P Ss0 .

Ž Ž . Ž wThere are no similar general bounds for the upper tails P SGl , l)m see 3,
x. .Example 2 .

Theorem 10. With assumptions as in Theorem 1, and 0FaF1,

m2 m2
P SFam Fexp ymin 1ya , 1ya .Ž . Ž . Ž .ž /ž /8Dq2m 6d

Note that the special case as0 yields the corollary

P Ss0 Feym 2 rmaxŽ8 Dq2 m , 6dm . ,Ž .

which is only slightly weaker than Theorem 3.

w xRemark 7. The tail bounds given in 3 for a special case are of the same type as
Theorem 10, but somewhat better; there 8D is replaced by 4D, and there is no
term with d .

6. PROOFS

� 4We define for each index igII a partition IIs i jN jU of the index set, withi i
� 4 Ž . � 4N s jgII: j; i the neighbors of i in G , and thus U s j/ i: j¤ i ; hence I isi i i

� 4independent of I : jgU .j i



NEW VERSIONS OF SUEN’S CORRELATION INEQUALITY 473

Proof of Theorem 1. Define, for 0F tF1, the random function

F t s 1yp y t I yp .Ž . Ž .Ž .Ł i i i
igII

Ž . Ž . Ž . Ž . Ž . Ž .Thus F 0 sŁ 1yp and F 1 sŁ 1yI , so E F 1 sP Ss0 . We thus wanti i i i
Ž . Ž . Ž . Žto compare E F 1 and E F 0 sF 0 . Note that in the case of independent
Ž . .indicators I , E F t is independent of t.i

Ž . Ž . ŽWe differentiate and obtain, introducing the notation F t sŁ 1yp t IA ig A i i
..yp for A:II,i

FX t sy I yp 1yp y t I yp sy I yp F tŽ . Ž . Ž . Ž .Ž .Ž .Ý Ł Ýi i j j j i i II _�i4
j/ii i

sy I yp F t F t . 2Ž . Ž . Ž . Ž .Ý i i N Ui i
i

Note that, for 0F tF1 and each j,

0F1yp y t I yp F1yp q tp F1. 3Ž .Ž .j j j j j

Hence, for any set A:II,

0F 1yp q tp yF t F tI , 4Ž . Ž .Ž .Ł Ýj j A j
jgA jgA

and thus, considering the cases I s0 and I s1 separately,i i

I yp 1yp q tp yF t FI tI . 5Ž . Ž . Ž .Ž .Ł Ýi i j j A i jž /
jgA jgA

Ž .Choosing AsN , this and 2 yieldi

FX t Fy F t I yp 1yp q tp q F t I tI .Ž . Ž . Ž . Ž .Ž .Ý Ł Ý ÝU i i j j U i ji i
jgNi i jgNi i

Ž .Since, by the definition of a dependency graph, I and F t are independent,i Ui
Ž Ž .Ž .. Ž . Ž . Ž .E F t I yp s0. Moreover, using 3 , F t FF t , which is independentU i i U U lUi i i j

of I I . Hence, for 0F tF1,i j

E FX t F tE I I F t F tE I I F tŽ . Ž . Ž .Ž .Ý Ý Ý Ý Ž .i j U i j U lUi i j
i j;i i j;i

s t E I I E F t . 6Ž . Ž .Ž .Ý Ý i j U lUi j
i j;i

Ž . Ž .y1 UNow, let y sE I I Ł 1yp and D sÝ y . We claim thati j i j k ; �i, j4 k �i, j4: i; j i j

E F t Fet 2 DU

1yp , 0F tF1. 7Ž . Ž . Ž .Ł k
kgII

< <In fact, we may be induction over II , the number of variables, assume that the
Ž .corresponding inequality holds for E F t for every proper subset A of II. SinceA

Ž A. Ž . Ž A.the corresponding values j for a subset A and i, jgA satisfy y Fy , it theni j i j i j
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Ž . Ž . �follows from 6 that, using also that when i; j, II _ U lU sN jN s k: k;i j i j
� 44i, j ,

E FX t F t E I I et 2 DU

1yp s t y et 2 DU

1ypŽ . Ž . Ž .Ž .Ý Ý Ł Ý Ý Łi j k i j k
kgU lU kgIIi j;i i j;ii j

dU U2 2U t D t Ds2 t D e 1yp s e 1yp .Ž . Ž .Ł Łk kdtkgII kgII

Ž . Ž .The estimate 7 now follows by integration, since it holds with equality for ts0.
Ž .The theorem follows by choosing ts1 in 7 . B

Ž . Ž < II < yuSRemark 8. If all p are equal, p sp say, then F t s 1ypqpt e , withi i
ŽŽ . Ž .Ž .. Ž .us ln 1ypq tp r 1yp 1y t ; hence estimating E F t , 0F tF1, is equivalent

to estimating the Laplace transform E eyu S, uG0. In general, with unequal p ,i
Ž . yu SE F t is not equivalent to the Laplace transform; nevertheless, E e may be

estimated by arguments similar to the ones above, which leads to results similar to
Ž w x.the ones given here. It seems, however, that estimates of F as in Suen’s paper 8

lead to slightly stronger results. For applications of the Laplace transform, see the
w xproof of Theorem 10 below, and 4, 3 , where it is used advantageously in a special

case.
We derive Theorems 2]5 as corollaries to Theorem 1 by performing a random

� 4 Ž w xthinning of the family I . This idea is used by Alon and Spencer 1 for a relatedi
. w x Ž .inequality. Let q g 0, 1 and let J ;Be q be Bernoulli variables that arei i i

� 4 X X Xindependent of each other and of I . Define I sI J and S sÝ I . Clearly,i i i i ig II i
X Ž . Ž X . � X4S FS, and thus P Ss0 FP S s0 . Moreover, G is a dependency graph for Ii

� X4too. Consequently, we may apply our estimates to the family I and obtain newi
Ž .estimates for P Ss0 ; with suitable choices of q , this may improve the originali

estimate.
Let pX sE I X sp q ; thus 0FpX Fp .i i i i i i

Ž yp i. X ypiProof of Theorem 2. If we choose q s 1ye rp , and thus p s1ye , theni i i
� X4Theorem 1 applied to I yieldsi

P Ss0 FP SX s0 Fexp q q E I I e pk eyp l ,Ž . Ž . Ž .Ý Ł Łi j i jž /
� 4 lgIIk; i , j� 4i , j : i;j

which implies the first inequality.
The final estimate follows because Ý p Fd qd F2d . Bk ; �i, j4 k i j

� X4Proof of Theorem 3. Using a new thinning I , this time choosing all q sq fori i
w x � X4some qg 0, 1 , we obtain from Theorem 2 applied to I ,i

P Ss0 FP SX s0 Feyq mqq 2 D e2 qd

. 8Ž . Ž . Ž .
Ž . 2 qd 2r3We choose qsmin mr4D, 1r3d , 1 ; then qDFmr4 and e Fe -2, and

Ž .consequently 8 yields

P Ss0 Feyq mqŽ1r2.q m seyŽ1 r2.q m ,Ž .
which is the desired result. B
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� 4Proof of Theorem 4. This time we use a deterministic thinning I , wherei ig JJ

� 4JJs igII : d F4D rm .i 0

X X X � 4We let m , D , and d denote the quantities for our subfamily I correspondingi ig JJ

to m, D, and d . By our choice of JJ,

m m m
p F p d s 2D s ,Ý Ýi i i 04D 4D 20 0ifJJ igII

and thus

m m
Xm s p s p y p Gmy s .Ý Ý Ýi i i 2 2igJJ igII ifJJ

Moreover, clearly d X F4D rm and D
X FD.0

Consequently, Theorem 3 applied to SX sÝ I yieldsig JJ i

P Ss0 FP SX s0 FeyminŽ m
X 2 r8 D

X , m
X r6 d

X , m
X r2.FeyminŽ m2 r32D , m2 r48D 0 , m r4. . BŽ . Ž .

Ž .Proof of Theorem 5. When the variables are positively correlated, E I I Gp p ,i j i j
and thus DGD . B0

Proof of Theorem 6. We follow the proof of Theorem 1, improving some esti-
Ž . Ž . Ž .mates. We define, for A:II, b t sŁ 1yp q tp . Using 3 , we can improveA ig A i i

Ž .4 to

1yp q tp yF t F tI b t ,Ž . Ž .Ž .Ł Ýj j A j A_� j4
jgA jgA

Ž .and then 5 to

I yp 1yp q tp yF t FI 1yp tI b t . 9Ž . Ž . Ž . Ž . Ž .Ž .Ł Ýi i j j A i i j A_� j4ž /
jgA jgA

Ž . Ž . Ž . Ž .Moreover, F t FF t b t , which together with 9 yields as an im-U U lU U _Ui i j i j

Ž .proved version of 6 , for 0F tF1,

E FX t F t E I I E F t 1yp b t b t . 10Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ý Ý i j U lU i N _� j4 U _Ui j i i j
i j;i

Ž � 4. Ž . � 4We now define, when i; j, N s N _ j j U _U sN jN _ i, j ,i j i i j i j

y1
c t s t E I I 1yp 1y tp r 1ypŽ . Ž .Ž .Ž . Ž .Ý Ý Łi j j k k

kgNi j;i i j

and

t
C t s c s ds.Ž . Ž .H

0
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Ž .It then follows from 10 by induction as in the proof of Theorem 1 that

E F t FeC Ž t . 1yp , 0F tF1. 11Ž . Ž . Ž .Ł k
kgII

Ž .The first claim in the theorem now follows by choosing ts1 in 11 , observing
that

y1
c t F t E I I 1yp exp tp r 1ypŽ . Ž .Ž . Ž .Ý Ý Ýi j j k kž /

i j;i kgNi j

and thus

1 y1 1C 1 s c t dtF E I I 1yp w p r 1yp .Ž . Ž . Ž .Ž . Ž .Ý Ý ÝH i j j 1 k k2 ž /0 i j;i kgNi j

The second inequality in the theorem is intermediate.
For the final estimate, we perform a random thinning with pX s1yeyp i as ini

the proof of Theorem 2; we leave the details to the reader. B

For Theorem 7 we use the following form of the Lovasz local lemma, which is´
Ž w x.easily proved by induction see 1, Lemma 5.1.1 and its proof . Let, for A:II,

S sÝ I .A ig A i

Lemma 1. With assumptions as in Theorem 1, suppose further that x , igII, are reali
numbers such that 0Fx -1 andi

p Fx 1yx , igII . 12Ž .Ž .Łi i j
j;i

Ž < . Ž .Then, for any two subsets A, B:II, P S s0 S s0 GŁ 1yx . BA B ig A i

We will employ Lemma 1 with the following choice of x .i

Lemma 2. With assumptions as in Theorem 1, suppose further that dq«Fey1. Let
Ž . Ž . yw pi Ž .wsw dq« , where w is defined by 1 , and let x s1ye , igII. Then 122 2 i

holds, and, for any two subsets A, B:II,

< yw Ý i g A piP S s0 S s0 G 1yx se .Ž .Ž . ŁA B i
igA

Ž . Ždq« .wProof of Lemma 2. By 1 , e sw, and thus

x 1yx s 1yeyw pi eyw d i s ew pi y1 eyŽ d iqp i.w Gw p eyŽ dq« .w sp .Ž . Ž .Ž .Łi j i i
j;i

Ž .Consequently 12 holds, and the final inequality follows by Lemma 1. B

Ž w x.Proof of Theorem 7 after Spencer 6 . The main idea is to estimate the condi-
Ž < .tional probability P I s0 S s0 . Recall that S sS qS , and that Ii II _�i4 II _�i4 N U ii i

Ž <and S are independent; furthermore, note the elementary identity P E E andU 1 2i
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. Ž < . Ž < .E sP E and E E rP E E for any three events E , E , E . Consequently,3 1 2 3 2 3 1 2 3
we have the estimate

<P I s1 and S s0 S s0Ž .i N Ui i<P I s1 S s0 sŽ .i II _�i4 <P S s0 S s0Ž .N Ui i

<GP I s1 and S s0 S s0Ž .i N Ui i

< <sP I s1 S s0 yP I sI s1 S s0� 4Ž . Di U i j Ui iž /
j;i

<GP I s1 y P I sI s1 S s0 . 13Ž . Ž .Ž .Ýi i j Ui
j;i

� 4Similarly, when j; igII, since I , I and S are independent,i j U lUi j

<P I sI s1 and S s0 S s0Ž .i j U l N U lUi j i j<P I sI s1 S s0 sŽ .i j Ui <P S s0 S s0Ž .U l N U lUi j i j

<P I sI s1 S s0 P I sI s1Ž . Ž .i j U lU i ji jF s .
< <P S s0 S s0 P S s0 S q0Ž . Ž .U l N U lU U l N U lUi j i j i j i j

Applying Lemma 2, we thus obtain

< wÝk g U l N pki jP I sI s1 S s0 FP I sI s1 e . 14Ž .Ž .Ž .i j U i ji

Ž . Ž . w pi Ž . w piNote that p Fx by 12 , and thus 1s 1yx e F 1yp e ; moreover,i i i i
Ž . � 4 Ž . Ž .N lU j i sN _ N , provided i; j. By combining 13 and 14 we thus obtainj i j i
the sought estimate,

< <P I s0 S s0 F1yp q P I sI s1 S s0Ž . Ž .Ýi II _�i4 i i j Ui
j;i

F1yp q 1yp ew pi P I sI s1 ewÝk g Ui l Nj
pkŽ . Ž .Ýi i i j

j;i

s 1yp 1y E I I ewÝk g Nj _ Ni
pkŽ . Ž .Ýi i jž /

j;i

F 1yp exp E I I ewÝk g Nj _ Ni
pk . 15Ž . Ž .Ž .Ýi i jž /

j;i

� 4For the final step, we may assume that the index set IIs 1, . . . , n . We apply
Ž . � 415 to the subset 1, . . . , i of II and obtain, for is1, . . . , n,

< wÝk g N _ N pkj iP I s0 I s ??? sI s0 F 1yp exp E I I eŽ .Ž . Ž .Ýi i iy1 i i jž /
j;i , jFi

F 1yp exp E I I ewd j .Ž . Ž .Ýi i jž /
j;i , j-i
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The result follows by multiplying these inequalities for is1, . . . , n, and using
ewd j FeŽdq« .w sw. B

Proof of Theorem 8. We follow the proof of Theorem 1. The main idea is that
Ž .there is a lower bound corresponding to 5 , viz.,

I yp 1yp q tp yF t Gyp tI .Ž . Ž .Ž .Ł Ýi i j j A i jž /
jgA jgA

Ž . Ž .The same arguments that led to 6 then yield we leave the details to the reader ,
for 0F tF1,

E FX t Gyt p p E F t .Ž . Ž .Ý Ý i j U lUi j
i j;i

Ž . Ž .We now use the upper bound to E F t proved in 7 and obtainU lUi j

E FX t Gyt p p et 2 DU

1ypŽ . Ž .Ý Ý Łi j k
kgU lUi j;i i j

sy2 t DU et 2 DU

1yp Gy2 t DU eDU

1yp .Ž . Ž .Ý Ý0 k 0 k
kgII kgII

Integrating this for 0F tF1, we obtain

F 1 yF 0 GyDU eDU

1yp .Ž . Ž . Ž .Ł0 k
kgII

Ž . Ž . Ž . Ž .Since P Ss0 sF 1 and F 0 sŁ 1yp , this yields the first inequality ink g II k
Ž .y1 Ž Ž ..the statement. The second follows by the estimate 1yp Fexp p r 1yp Fk k k

Ž Ž ..exp p r 1y« . Bk

Proof of Theorem 9. This is just the special case AsII and BsB of Lemma 2. B

Proof of Theorem 10. We use the standard method of first estimating the Laplace
transform E eyt S and then applying Markov’s inequality. As remarked above, it is
possible to estimate the Laplace transform directly by the method of the proof of
Theorem 1. For simplicity, and to avoid repetitions, we will instead use the results
above together with another thinning.

Define thinned variables I X sJ I as above with q s1yeyt for every igII.i i i i
Since the thinned sum SX equals 0 if and only if J I equals 0 for all i, i.e., if andi i

Ž X < .only if J s0 for the S indices i with I s1, the conditional probability P S s0 Si i
seyt S, and thus

P SX s0 sE eyt S .Ž .

� X4 X Ž yt . Ž 2 . X Ž yt .2Now, for the thinned family I , m s 1ye mG ty t r2 m, D s 1ye Di
2 X Ž yt .F t D, and d s 1ye dF td . Consequently, Theorem 2 yields

E eyt S sP SX s0 Feym
XqD

X e2 d X

Feyt mqt 2Ž m r2qD e2 td . ,Ž .
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and thus by Markov’s inequality, for any tG0,

P SFam FE et amytS Feyt Ž1ya.mqt 2Ž m r2qD e2 td . . 16Ž . Ž .

ŽŽ . Ž . . 2 td 2r3We choose here tsmin 1ya mr 4Dqm , 1r3d ; then e Fe -2, and
thus

1 1 12 2 td 2t mqDe F t mq4D F t 1ya m.Ž . Ž .Ž .2 2 2

Ž .Consequently, 16 yields

P SFam Feyt Ž1ya.m r2 ,Ž .

which is the claimed result. B

7. EXAMPLES

We give three examples showing that the estimates above are of the right order,
and that no dramatic improvements are possible in general. We begin with two
simple examples.

Ž .Example 1 positive correlations, upper bounds . Let m, nG1 and 0-p-1, and
Ž .consider mn Be p variables consisting of n groups of m variables each, such that

different groups are independent, while the m variables in each group are identical.
Let G be the obvious dependency graph consisting of n disjoint copies of the

m Ž . Ž .complete graph K . Then msmnp, Ds np, ds my1 p, «sp, and P Ss0ž /m 2
Ž .ns 1yp .
Consider first the case ms2, and thus ms2np, dsnp. Theorem 1 yields

y2 2 n
P Ss0 Fexp np 1yp 1yp ;Ž . Ž . Ž .Ž .

Ž .the ratio between the right- and left-hand sides is for pF1r2, say

ny2 12 2 3exp np 1yp 1yp sexp np 1q2 pqO p yn pq p qO pŽ . Ž . Ž . Ž .Ž . Ž .Ž .Ž . 2

3 2 3sexp np qO np .Ž .Ž .2

Note that the leading terms np in the exponent cancel, which shows that the
Ž .y1estimate is quite sharp. Note also that the term Ł 1yp in the exponentk ; �i, j4 k

in Theorem 1 cannot be eliminated completely; in this example,

P Ss0 )exp D 1yp . 17Ž . Ž . Ž . Ž .Ł l
lgII

Theorem 2 yields the slightly weaker

52 p 2 3P Ss0 Fexp y2npqnpe sexp np qO np P Ss0 .Ž . Ž .Ž . Ž .Ž .2
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The improved bound in Theorem 6 is

y1 2 n 1 2 3exp np 1yp 1yp sexp np qO np P Ss0 ,Ž . Ž . Ž .Ž .Ž .Ž . 2

Ž .while Theorem 7 in this example yields for pF1r2 e the weaker

2 n 3 2 3exp npw 2 p 1yp sexp np qO np P Ss0 .Ž . Ž . Ž .Ž . Ž .Ž .2 2

Let us now consider mG3. Then DGm, and the bounds in Theorems 1 and 2
are )1. For any mG2, and pF2r3, Theorem 3 yields

m
2P Ss0 Fexp ym r8D sexp y np ,Ž . Ž . ž /4 my1Ž .

which for small p is off by a constant factor in the exponent. Theorems 4 and 5
yield similar results, with even worse constants in the exponent.

Ž .Example 2 negative correlations, lower bounds . Let m, nG1 and 0-pF1rm,
Ž .and consider again mn Be p variables consisting of n independent groups of m

variables each, this time assuming that the m variables in each group are such that
never more than one of them equals 1. Then with G as in the preceding example,

m 2Ž ŽI I s0 whenever i; j, and thus Ds0; moreover, msmnp, D s np , ds mi j 0 ž /2
. Ž . Ž .ny1 p, «sp, and P Ss0 s 1ymp .

Theorem 8 yields

ym m nm 2P Ss0 G 1y np 1yp 1yp ,Ž . Ž . Ž .ž /ž /2

Žwhere the ratio between the right- and left-hand sides is for mpF1r2 and
2 2 .nm p F1, say

m 12 2 2 2 3exp y np 1qO mpqnm p ymn pq p qO pŽ . Ž .Ž . Ž .2ž /ž 2

1 2 2 3 3qn mpq m p qO m pŽ .Ž .2 /
sexp O nm3p3 qn2 m4 p4 .Ž .Ž .

This is quite sharp for small mp, provided n is not too large, but fails utterly when
Ž . 2nm my1 p G2, and thus D G1.0
Theorem 9 yields, for mpF1r2 e,

P Ss0 Gexp ymnpw mp sexp ymnpynm2 p2 qO nm3p3Ž . Ž .Ž . Ž .Ž .2

1 2 2 3 3sexp y nm p qO nm p P Ss0 .Ž .Ž .Ž .2

This, too, is quite sharp when mp is small. It performs better than Theorem 9 when
n is large, but not as good when both mp and nm2 p2 are small.
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Ž .Example 3 negative correlations, lower bound . This more complicated example
w xis due to Shearer 7 , to which we refer for further details; it shows that the
y1 Žcondition dq«Fe in Theorem 9 is the best possible. We make a minor

modification, since Shearer only considers the weak version of dependency graphs;
.cf. Remark 2. More precisely:

y1 � 4Claim. If a)e , then there exists a finite family I with a dependency graph Gi ig II
Ž .such that dq«-a and P Ss0 s0.

Shearer’s construction is as follows. Given a graph G and 0FpF1, let V be the
vertex set of G, say that a subset of V is dependent if it contains both endpoints of

Ž .some edge in G and independent otherwise , and define a signed measure m onG, p
2V, the space of all subsets of V, such that for each A:V,

p < A < A is independent,� 4m E:V : E=A sG , p ½ 0 A is independent.

Ž� 4.It is easily seen that this defines a unique measure m , since m A may beG, p G, p
expressed by inclusion-exclusion for every A:V. m may assume negativeG, p

Ž� 4.values, but if it is a positive measure, i.e., if m A G0 for every A:V, thenG, p

m is a probability measure on 2V, and it is easily seen that with this measure, theG, p
Ž .indicators I s1 igE , igV, form a family of random indicator variables withi

Ž .dependency graph G; moreover, then p sE I sp for each i, and E I I s0i i i j
whenever i; j.

Ž . m Ž .mq 1 y1Let a s mq2 m r mq1 . Then a ªe as mª`, and we may thenm m
fix mG1 such that a -a.m

Ž . m Ž .mq 1 w xLet bsar mq2 )m r mq1 . Shearer 7 showed that this implies that
Ž .there exists an m-ary tree G such that m B -0. We fix such a G; note that theG, b

root of G has degree m, the leaves degree 1, and all other vertices degree mq1.
On the other hand, it is easily seen that if p is small enough, then m is aG, p

Ž m Ž .mq 1probability measure. Indeed, if pFm r mq1 , there is a simple probabilis-
tic construction of m : add external edges to the root and leaves of G such thatG, p
every vertex has mq1 edges, 1 going ‘‘down’’ and m going ‘‘up,’’ color all edges

Ž . Ž .mblack or white independently at random with P white sq, where q 1yq sp;
define I s1 if the edge going down from vertex i is white and the m edges goingi

.up are black.
� Ž� 4. 4By continuity of p¬min m A : A:V is independent , and the fact thatG, p

Ž� 4.m A s0 whenever A is dependent, it follows that for some p with 0-p-bG, p

Ž� 4.we have m A G0 for each A, and thus m is a probability measure, butG, p G, p

Ž� 4.m A s0 for at least one independent set A.G, p

Ž .Fix such p and A, and let G be the induced subgraph of G obtained by
Ždeleting all vertices in A together with all of their neighbors. In fact, it seems

.likely that AsB, and thus GsG, but we have not verified this. By a simple
w x Ž . Ž� 4. Ž� 4. < A <calculation 7 , for every B:V G , m B sm AjB rp ; thus m is aG, p G, p G, p

Ž .probability measure with m B s0.G, p

Let the indicators I be defined as above. For this family of indicators theni
Ž . Ž . Ž . Ž .P Ss0 sm B s0 and dq«F mq1 pqp- mq2 bsa, which verifiesG, p

the claim.



JANSON482

8. DISCUSSION

We may compare the upper bounds given in this paper with the results previously
obtained in the special case where the indicators I all are of the type Ł J ,i jg Q ji

� 4where J is a family of independent indicator variables and the Q arej jg Q i

Ž . w xarbitrary subsets of the index set Q. In this case, using our notation, 3, 4 give the
bounds

P Ss0 Fexp ymqD ; 18Ž . Ž . Ž .
and

P Ss0 Fexp ym2r 2Dqm ; 19Ž . Ž . Ž .Ž .
w xBoppana and Spencer 2, 1 give, using a different proof and under somewhat more

general conditions,

P Ss0 Fexp Dr 1y« 1yp Fexp ymqDr 1y« . 20Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ł i
igII

Ž w x ŽAlon and Spencer 1 also give, under the same conditions and provided 2DGm 1
. Ž 2Ž . .y« , the bound exp ym 1y« r4D ; this is similar to but larger than the bound

Ž . .in 19 .
Ž .The bounds given here in Section 3 for a much more general situation are of a

similar nature, but somewhat larger. The main difference is that d plays no role in
the bounds in the special case; for example, the bound in Theorem 2 differs from
Ž . 2 d18 only by the factor e multiplying D.

Furthermore, the constants in the exponent in the bounds in Theorems 3]5 are
Ž .not as good as in 19 for the special case.

Ž .Example 1 shows that the D in the exponent in Theorem 2 and 18 is quite
sharp; for example, it cannot in general be multiplied by a constant less than 1.
However, we do not know whether the factor e2 d multiplying D in Theorem 2
really is needed. As remarked above, the incomparable estimates in Theorems 6
and 7, which represent two different attempts to reduce this factor, suggest that
none of the these results is the best possible. Indeed, it seems possible that the

Ž . Žresult 18 known for the special case above holds generally. Recall, however, from
Ž .y1Example 1 that the corresponding factor Ł 1yp in Theorem 1 cannotk ; �i, j4 k

Ž Ž ..be completely eliminated see 17 . Similarly, by the same example, the factor
Ž . Ž . .1r 1y« cannot be removed from the first bound in 20 .
Similarly, there seems to be room for improvements of the constants in Theo-

Ž .rems 3]5. Example 1 shows that the best one could hope for is something like 19 ;
for example, the constants in front of D and m there are the best possible.

This leads to the following open problem.

Ž . Ž . Ž .Problem 1. Do 18 , 19 , and 20 hold under the assumptions of this paper?

There are other questions suggested by the results above.

w xProblem 2. Reference 3 gï es a tail estimate similar to Theorem 10, but also a
corresponding lower bound. Is there similar lower bound under the conditions of the
present paper?
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Ž .As noted in Remark 2, the Lovasz local lemma and our Theorem 9 requires´
only a weaker version of our condition that G is a dependency graph.

Problem 3. Do the results of this paper hold if G only is assumed to be a dependency
graph in the weaker sense?
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