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Introduction

Introduction

Definition

Given a set of points S , the convex hull is the minimal convex set
containing S .

Conv(S) =

{
k∑

i=1

αixi

∣∣∣∣∣xi ∈ S , αi > 0,
k∑

i=1

αi = 1

}

Image Source: http://en.wikipedia.org/wiki/Convex hull
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Introduction

Convex Hull Decision Problem

Given a finite set of m-dimensional points, how can we determine whether
a distinguished point p is in the convex hull or not?

Theorem

Let S = {v1, ..., vn} be a set of points in Rm. Given a point p ∈ Rm,
p ∈ Conv(S) ⇐⇒ for each p′ ∈ Conv(S) \ {p} ∃ vj ∈ S such that
d(p′, vj) ≥ d(p, vj).
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Introduction

Triangle Algorithm

A simple algorithm to approximate our target point p.

1. Find vj such that d(p′, vj) ≥ d(p, vj). This is the pivot.

2. Compute the closest point on the line segment joining p′ to vj . This
is the iterate.

3. Now iterate until |d(pε, p)| < ε.

Worst case arithmetic complexity of O(nmε−2).
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Research

Visualization of a Trivial Case
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Research

Ambiguous Convex Hull Problem

The existence of p is unknown. All we are given is a set of distances,
{r1, ..., rn}, where each ri corresponds to its respective vertex in
S = {v1, ..., vn}.

How can we then solve the Convex Hull Decision Problem and
approximate our target (if appropriate)?
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Research

Blind Triangle Algorithm

Assuming p exists and p ∈ Conv(S). Then

1. Find vj such that d(p′, vj) ≥ rj . This is the pivot.

2. Compute the point on the line segment joining p′ to vj that is rj away
from the pivot. This is the iterate.

3. Iterate until |d(pε, vi )− ri | < ε ∀ i = 1, ..., n.
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Research

Applications to Linear Programming

We can think about Ax = b as Aα = p, where the columns of A are our
vertices, alpha is a column of vertex coefficients, and p is our target point.

v1,1 v2,1 · · · vn,1
v1,2 v2,2 · · · vn,2

...
...

. . .
...

v1,m v2,m · · · vn,m

×


α1

α2
...
αn

 =


p1
p2
...
pm



(m × n) (n × 1) = m × 1
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Research

Applications to Linear Programming

We can explicitly represent p′ as a convex combination of vi ’s.

p′ =
n∑

i=1

αivi ,
n∑

i=1

αi = 1, αi ≥ 0

Based on how we calculate each iterate, we can track the vertex
coefficients as we converge on the approximate solution

p′′ =
n∑

i=1

βivi , βj = (1− α)αj + α, βi = (1− α)αi
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Further Investigation

The Next Steps

Reducing runtime

Analysis of the midpoint method

Continuous update midpoint approach

Intelligently choosing the pivot

Blind Triangle Algorithm

Complexity analysis

Proving some claims

Linear Programming

Approximating solutions

Solving linear systems
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