
There is a sense in which an important result in mathematics is
never finished.

—Steve Smale [1]

Polynomiography provides a bridge between the well-known
Fundamental Theorem of Algebra (FTA) and art. It does so
by turning the visualization of polynomial equations into a se-
rious medium for creating artwork of great variety and diver-
sity through a combination of human creativity and computer
power.  An individual 2D image––a polynomiograph––is created
based on the use of iteration functions: algorithms for solving
polynomial equations.

Formally, a polynomial, written as p(x), is defined as a lin-
ear combination of integral powers of the variable x. For ex-
ample, p(x) = 10x48 – 11x24 + 1.

A root or zero of the polynomial is a value of x for which 
p(x) equals zero, that is, a solution to the polynomial equation
p(x) = 0.

Throughout the history of science, reaching back to the
Sumerians in the third millennium B.C., the task of approxi-
mating the zeros of polynomials has been one of the most in-
fluential in the development of mathematics. It has been
studied by the most famous of mathematicians and even today
remains a practical problem in every branch of science.

The degree of p(x)—the highest exponent of x––and the co-
efficients of the powers of x describe the polynomial. The FTA
is a magical property that always guarantees at least one solu-
tion to any polynomial equation of degree at least 1. In fact,
there are as many solutions to a polynomial equation as its de-
gree. The solutions need not be distinct. The theorem owes
its name to Carl Friedrich Gauss, one of the greatest mathe-
maticians of all time, but its validity was conjectured long be-
fore him. Indeed, complex numbers were discovered as the result
of the solving of quadratic equations such as x2 + 1 = 0, which
have no real number as a solution.

A complex number is merely a point in the flat Euclidean
plane, also called the complex plane. It is written as the ordered
pair (a,b), indicating its horizontal and vertical coordinates,
respectively. Algebraically, this is written as a + ib where i is the
square root of minus one (i2 + 1 = 0). Complex numbers in-
herit the four elementary operations on the real numbers (i.e.

addition, subtraction, multiplica-
tion and division). It follows from
the FTA that a polynomial equation
is an algebraic description of a set 
of points in the Euclidean plane,
namely its roots. Conversely, any set
of points in the plane can be writ-
ten as a polynomial equation hav-
ing those points and only those
points as its solutions.

Polynomiography can be consid-
ered painting via points, an art form
capable of creating an interesting variety of images by manip-
ulating a finite set of points, whether given explicitly, gener-
ated by a polynomial equation or selected with the click of a
mouse. This view of polynomiography should not be confused
with pointillism, a term first used with respect to the work of
the artist Georges Seurat. In a sense, polynomiography is 
a minimalist and abstract art form, albeit one of enormous
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A B S T R A C T

The author introduces poly-
nomiography, a bridge between
the Fundamental Theorem of
Algebra and art. Polynomiogra-
phy provides a tool for artists to
create a 2D image—a poly-
nomiograph—based on the
computer visualization of a
polynomial equation. The image
is dependent upon the solutions
of a polynomial equation,
various interactive coloring
schemes driven by iteration
functions and several other
parameters under the control of
the polynomiographer’s choice
and creativity. Polynomiography
software can mask all of the
underlying mathematics, offer-
ing a tool that, although easy to
use, affords the polynomiogra-
pher infinite artistic capabilities.

Fig. 1. Summer, a polynomiograph based on Voronoi coloring of
fewer than a dozen points together with personal choice of coloring.
(© Bahman Kalantari)



power. The interest of polynomiography
for the general artist should be made
clear below.

The magic of polynomiography is that
this finite––possibly small––set of points,
when combined with one or many it-
eration functions, imposes a coloring
scheme on every other point.  Thus, the
initial set of points—the solutions of a
polynomial equation—offer much more
than the shape it defines. The poly-
nomiographer’s personal creativity and
choice, and the great variety of iteration
functions—which act as lenses through
which to view a polynomial equation—
amount to a powerful tool for artistic cre-
ation. Even with polynomials of small
degree, artists can learn to produce in-
teresting images on a laptop computer in
a reasonable amount of time.

Theoretically, polynomiography can
be considered a visual verification of the
FTA. However, in polynomiography we
are not interested merely in the roots of
a polynomial equation, but in the way in
which they relate to or influence all the
other points within a particular region 
in the plane—for instance, a rectangular
region that includes all or some of the
roots. The polynomiography software
makes use of these relationships to cre-
ate artwork. In particular, in the context
of visualization and art, we can reverse
the role of the ancient root-finding prob-
lem and select the roots of the polyno-
mial as we wish so as to create desirable
designs. Thus polynomiography turns
the root-finding problem into a tool of
art and design.

Polynomiography may appeal to the
artist through several properties: a rel-
atively simple foundation; the ease with
which one can generate polynomio-
graphs; the ability to create images and
designs of enormous complexity the 
likes of which have never been seen—or
even imagined—before, or images remi-
niscent of familiar abstract art, at times
impossible to identify as computer gen-
erated; the fact that there is meaning and
human control behind the images, un-
like unpredictable or random computer-
generated images; and the fact that
polynomiography techniques can be ac-
quired methodically.

A reader familiar with fractal images
may be inclined to view polynomiogra-
phy as an extension of the well-known
method for finding and plotting the
basins of attraction of the roots of poly-
nomials. This view, however, falls far short
of a sufficient or fair description of poly-
nomiography. While some polynomio-
graphs may turn out to be fractal images
obtained via plotting of the basins of at-
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Fig. 2. Mathematics of a Heart, a polynomiograph based on Voronoi coloring where the initial
set of points were placed in the shape of a romantic heart. (© Bahman Kalantari)

Fig. 3. Acrobats, a polynomiograph based on an orderly arrangement of points input 
via a compact formula for the underlying polynomial equation. (© Bahman Kalantari)



traction of roots, many other interesting
polynomiographs are neither fractal nor
based on such colorings. Even those poly-
nomiographs that are based on the fa-
miliar coloring of basins of attractions
make intelligent use of special iteration
functions capable of producing antici-
pated shapes, as opposed to the random
or limited iterations often used to gen-
erate fractals.

The infinite class of iteration functions
that I have extensively studied and used
in prototype polynomiography software
is called the Basic Family [2]. This infi-
nite family or its individual members,
which include the well-known Newton’s
method, have been rediscovered inde-
pendently by other researchers through
different means.  It is a fundamental fam-
ily, which admits many different forms
and representations. I have previously
given an account of these, including new
properties [3]. The Basic Family and
more advanced versions are closely re-
lated to Taylor’s celebrated Theorem and
the FTA [4]. I have described a simple
derivation of the iteration functions of
the Basic Family [5]. The fact that dif-
ferent researchers have come across the
same iteration functions may have a sim-
ple explanation: The world of iteration
functions relies on the FTA.

For a polynomiographer, iteration
functions within the Basic Family need
not be known explicitly. They are analo-
gous to the lenses of a camera. A pho-
tographer need only learn to work with
various lenses, not learn the physics be-
hind their construction. Likewise, poly-
nomiography software could mask all the
mathematics underlying it.

Although a polynomiograph may turn
out to be a fractal image, polynomiogra-
phy is not a subset of fractals, neither as
theory nor as art. Indeed, polynomiog-
raphy is complementary to what is known
as fractal art (see Mandelbrot [6,7]). The
polynomiographer, when producing frac-
tal art, is working with a restricted but
well-defined class: fractal images coming
from special iteration functions designed
for root-finding whose properties give
rise to tools of design. This method pro-
vides a basis for producing fractal art with
an underlying foundation, as opposed to
random fractal art. One can speak of frac-
tal polynomiographs. Such a term would re-
fer to a well-defined subset of fractal art.
This method can be used to create many
new sets of fractal images, and hence to
broaden the horizon of fractal art. On
the other hand, an important feature of
polynomiography is that it gives rise to 
a wide range of interesting non-fractal
images.

the discovery of new properties of this an-
cient problem. As an art form, poly-
nomiography is perhaps the most
systematic method for the visualization
of root-finding algorithms—bringing it
into the realm of art and design.

POLYNOMIOGRAPHY AS A
TOOL OF ART AND DESIGN
I believe that there are many similarities
between photography and polynomiog-
raphy. To justify this analogy, let me re-
spond to a question often posed by
viewers of my work: “Why don’t you write
down the underlying polynomial equa-
tion next to each of your images?”

While a defining equation might be
satisfying to the viewer with respect to
some polynomiographs, in many other
instances a description via a single equa-
tion would be meaningless. When one is
viewing a photographic portrait, the
name of the person depicted is often
completely immaterial. It does not give 
a complete or fair description of the
photograph. However, I still view the sug-
gestion as a positive reflection on poly-
nomiography, because it means that the
viewer does possess some understanding
of the origins of the images, and there-

Visualization of polynomial root-find-
ing methods, the best-known of which is
Newton’s method, was attempted before
the advent of computers. In 1879, Cayley
[8] questioned the convergence behav-
ior of Newton’s method for quadratic and
cubic polynomials in the complex plane
[9]. He was only able to analyze the con-
vergence behavior for quadratics. For
cubic equations the regions of attrac-
tion happen to form shapes known as
Julia sets, the boundaries of which ex-
hibit fractal behavior. The first computer
visualization of this phenomenon was
apparently obtained by Hubbard (see
Gleick [10]). Mandelbrot’s fractals [11]
popularized the Julia sets and generated
new interest in the computer visualiza-
tions of fractal images. Computer tech-
nology has been a significant tool not
only for fractal art, but also for other
forms of art inspired by mathematics and
science; see, for example, Emmer [12]
and Peterson [13].

While polynomiography’s theoretical
aspects do intersect with both the theory
of fractals and dynamical systems, it has
its own independent characteristics. For
instance, polynomiography will not only
result in a unified perspective on the the-
ory of root-finding, but will also enable
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Fig. 4. A polynomiograph based on levels of convergence corresponding to a degree 36
polynomial whose design was inspired by a Persian carpet. (© Bahman Kalantari)



fore feels comfortable enough asking
questions about the underlying equa-
tions. Contrast this case with that of typ-
ical fractal images, where the viewer often
has no clue as to the source of the image.
While typical fractal art does make use of
iterative schemes and coloring based on
them, it is seldom apparent what the it-
erative scheme is trying to accomplish, if
anything.

In photography there are three main
components: the photographer, the cam-
era and the subject. These three compo-
nents combine with other parameters 
to create an interesting photograph. In
polynomiography, there are also three
main components: the polynomiogra-
pher, the computer software that gen-
erates the polynomiographs and the
underlying polynomial equation. As 
in photography, the final polynomio-
graph is produced by a combination of
these three components, as well as many
other parameters, such as the particu-
lar iteration function or collection of 
iteration functions being used, the re-
gion or area through which the polyno-
mial equation is being viewed and the
interactive coloring schemes. As in pho-
tography or painting, polynomiography

• Images can be produced as a collage
of two or more polynomiographs 
created through one of the previous
three methods. Many other tech-
niques are possible, either through
artistic compositional means or
through computer-assisted design
programs.

I will describe in more detail how to
create two different categories of images
using polynomiography. Polynomiogra-
phy is based on the manipulation of a fi-
nite set of points, whether they are given
explicitly or implicitly through their poly-
nomial equation. The first category of
images I will describe is based on the ap-
proximation of the Voronoi regions of the
solutions of a polynomial equation. To vi-
sualize Voronoi regions, let us assume that
we have a rectangular canvas with four
random points on it marked Blue, Green,
Red and Yellow. Suppose that we wish to
color blue the set of all points on the can-
vas that are closer to Blue than to any of
the other three colored points. The shape
of this region happens to be a polygon
and is called the Voronoi region of the
point Blue. Voronoi regions of the other
three points can be colored likewise.

We can think of these four points as
the roots of a polynomial of degree 4.
Voronoi regions and another similar col-
oring scheme (see Glossary) can be de-
fined for any arbitrary set of a finite
number of points placed in any arbitrary
shape. The Voronoi region of any one of
the points, which can be thought of as
the region of attraction of that point, de-
pends on the position of all the other
points. We can create polynomiographs
based on this coloring rule. We could do
the coloring very precisely or by approx-
imation of the Voronoi regions. Let us
refer to this coloring scheme as Voro-
noi coloring, whether it is done via ac-
tual paint on a canvas or on a computer
screen. Here are a few specific reasons
why polynomiography can be a tool of art
and design:

• Voronoi coloring produces a diverse
set of images with anticipated sym-
metry or asymmetry.

• Voronoi coloring can be achieved via
special iteration functions encoded
within polynomiography software.

• With polynomiography software, Vo-
ronoi coloring can be established 
to any precision desired: Each mem-
ber of an infinite class of special iter-
ation functions, readily selected via
an index number, generates a differ-
ent approximation for the Voronoi
regions of the same set. As this in-
dex increases, the approximation
improves.

allows a great deal of creativity and
choice. Here are four basic polynomiog-
raphy techniques:

• Just as a photographer can shoot dif-
ferent pictures of a model using a
variety of lenses and angles, a poly-
nomiographer can produce differ-
ent images of the same polynomial
equation and make use of a variety 
of iteration functions, zooming ap-
proaches and interactive coloring
schemes until a desirable image is dis-
covered.

• More creatively, an initial polynomi-
ograph, even a very ordinary one, 
can be turned into a desirable im-
age based on the user’s choice of
coloration, individual creativity and
imagination. This is analogous to
carving a statue out of stone.

• The polynomiographer may employ
the mathematical properties of the
iteration functions, or those of the
underlying polynomial, or both. This
is truly a marriage of art and mathe-
matics. The difference between this
and the previous technique is that the
polynomiographer can anticipate the
shape of the image beforehand and
thus create designs of desirable forms.
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Fig. 5. Times Square, a polynomiograph based on levels of convergence. 
(© Bahman Kalantari)



• The boundaries of the approximate
Voronoi regions obtained via poly-
nomiography are fractal sets. Thus,
polynomiography can also produce
fractal images with a great deal of va-
riety.

• An artist can input any particular set
of points, either through a polyno-
mial equation or explicitly. In partic-
ular, it is possible to input a certain
arrangement of points via a compact
and simple formulation. For instance,
the polynomial of degree 48 consid-
ered at the beginning of the article
describes 48 points via only three in-
put coefficients. Thus, complex pat-
terns of points can be conveniently
manipulated with polynomiography
software.

• Polynomiography can help create
desirable and anticipated shapes
without requiring knowledge of the
underlying mathematical theory. The
artist can produce such shapes by
learning to use the geometric effects
of arithmetic operations on polyno-
mials or complex numbers.

The computer implementation of
Voronoi coloring via polynomiography
generates one category of polynomio-
graphs based on the manipulation of ap-
proximate Voronoi regions using a single
iteration function. Another class of poly-
nomiographs makes use of sets of itera-
tion functions and iterates by moving
from one to the next in a pointwise fash-
ion. This method does not use repeated
iterations as is normally done in iterative
methods. For mathematical detail see my
previous work [14].

The corresponding images in this sec-
ond class are not fractal and are not
based on the coloring of the basins of at-
traction. Rather, the colorings are de-
fined with respect to a certain proximity
to roots as measured by attributes of par-
ticular members of the special class of it-
eration functions in polynomiography,
the Basic Family. For the sake of refer-
ence, I will call this second category of
images polynomiographs based on Lev-
els of Convergence.

Many other control parameters can be
defined with respect to each of these two
general categories, but they will not be
discussed here. Next I will show images
based on the two categories of poly-
nomiographs described above.

POLYNOMIOGRAPHS BASED
ON VORONOI COLORING
In the first example of polynomiographs
based on Voronoi coloring, by placing
fewer than a dozen points in the shape

polynomiographs, then using a com-
mercial software and its filters to accen-
tuate certain paths or levels.

SOME EXTENSIONS OF
POLYNOMIOGRAPHY
In this article I have restricted my atten-
tion to 2D images from polynomiogra-
phy. The image in Color Plate D No. 2,
Brain, was created by Lillian Schwartz, a
pioneer in the field of computer art [16],
using her own techniques to modify a
base polynomiograph that I obtained
from a polynomial in a physics article
[17]. Her image is significant in several
respects. Firstly, it demonstrates the fact
that an accomplished artist can use poly-
nomiography as a tool to generate new
artwork in conjunction with other media.
Secondly, through her art Schwartz has
made it evident that viewing certain poly-
nomiographs with 3D chromatic glasses
reveals a great deal of depth and beauty.
This 3D effect in turn suggests 3D archi-
tectural structures. The design of Fig. 4,
as Schwartz suggested, lends itself to
sculpture. In this sense polynomiography
can provide an alternative means of pro-
ducing mathematically inspired sculp-
tures. Topology has been a major source
for such art, for example, in the case of
Möbius strips [18]. The use of poly-
nomiography in animation offers yet
another direction with numerous appli-
cations [19]. I discuss some other appli-
cations elsewhere [20].

Finally, as with automatically generated
fractals [21], it is easy to produce at-
tractive, automatically generated poly-
nomiographs. First of all, the k-th digits
of any random number, written in or-
dinary base ten or in binary, can be in-
terpreted as the coefficient of xk of a
polynomial. Then, for this single poly-
nomial alone, an infinite number of poly-
nomiographs can be generated where
several parameters and coloring schemes
can be selected randomly. Elsewhere I
have presented a sample polynomiogra-
phy of random numbers and its potential
application in cryptography [22].

Many of the above schemes will be
treated in much more detail in the fu-
ture, perhaps in a book. For an inter-
active but experimental version of a
polynomiography program, as well as
links to other material with more images,
the reader may visit <www.polynomiog
raphy.com>.
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Glossary

basin of attraction of a root—the set of all initial
points such that the corresponding iterates of an it-
eration function will converge to that root.

complex number—an algebraic description of the
point (a,b) in the Euclidean plane, written as a + ib,
where i2 = -1.

Fundamental Theorem of Algebra (FTA)—the poly-
nomial equation p(x) = 0 has n roots. Equivalently,
there are n roots r1, . . . , rn such that p(x) = 0 = (x – r1)
¥ . . . ¥ (x – rn) (this implies that a polynomial equa-
tion is an algebraic description of its roots, and, con-
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