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Abstract. The existence of grouns which are not isemorphic with the group of automoerphisms
of any planar graph 15 proved. Subsequent results a-¢ mentioned.

§ 1. Introduction

By graphs and groups we mean in this paper finite ones. A graph will
be called simple if 1t s undirected and has neither loops nor multiple
edges. Frucht proved in [ 2] that for an arbitrary group G there exist
Gatinitely many non-isemorphic) simple graphs X the automorohism
groups ACX) of whick are isomorphic with ¢

Let us say that the zroup G allows i class K of graphs (or more
general relation al systems), if there exists an X € K such that A1 X) = G
Sabidussi prove.d in [ 6] tha: the groups of order > 1 allow a4 aumber of
important clas.es of simple, fixed-point-free graphs, e.g.. the n-connected
graphs (n > 1 4 given integer), the regular graphs of given degree 2> 3.
ete. Generalizations and further properties of graphs, allowed by all
finite groups can be found n [ 1 41

A very important class is the class of the planar graphs. Toran rassed
the foilowing question in 1969 Given a finite group G, does there exist
a planar graph X such that 4{X) = 7 In this paper we answer this
gquestion in the negative (see Theorem 1. The study of th:s question
seems to be ruther difficult, in particular the basic problem: Which
groups allow ihe class of planar graphs? It is casy to show (Theorem 3)
that the Jinite abelian groups allow the class of (finite, simple, connected)
planar graphs.gn later papers we determine a rather farge class of groups
which do not allow the class of planar graphs.

Further related problems are the foillowing: Which groups allow the
class of connected (2-connected, 3-connected, connected and fixed-
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point-freed planar graphs (or, more generally, graphs which can be drawn
1
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ater papers.

As a iechnical device to be used in this and in fater papers we shall
define the shadow X of a relational system X with unary and binary
relations; X is a simple graph. The proofs of the negative results will be
formulated for the class of relational systems with unary and binary
relations the shadows of which are planar graphs (or connected, 2-
connested planar graphs, etc.). But this is not an essential peneralization,
as a simple construction hows (Theorem 2).

§ 2. Definitions and notation

A relational system X s a pair (V, 8 y where V = V(X) is a non-void
set, the set of vertices of X, £ = 6(X) = (R, la€ A} is a family of rela-
ticas defined on V. If & consists only of unary and binary relations (sub-
sets of ¥ and of ¥ X V. resp.) then & = M, U R, where & contains the
unary and & , the binary relations. If & = &, = (R}, then X is a graph;
E(X) = R 15 the set of edges of X. X is undirected if R is symmetric. In
the general case if {x,}) € R, € &,. we can say that there is 4
“eskoured edge” of “‘colour” a in X directed from x to v, where
x.v € V(X). We will deal oaly with finite X, i.c., V and & are finite.

The automaorphisras (endomorphisms. resp.) of X are those permuta-
tions (transformations, resp.) of V(X) which preser-e the relations R ,;
thew form the group A{4’) uncnoid CLX), resp.). We shall say that X 1s
fixed-point-free if the permutation group A(X) is fixed-point-free. If
f. -1 are perrautations acting on the set S, we use the convention
(P = plgixy) for every « € S. We denote by P! T the restriction of
the permutatior: group P to the set 7 if this restriction is defined, ve.,
if Tis invariant under all elements of £.

Let X = (V. &). & = &, UR,. We define a simple graph X, called the
skadow of X, as follows:

Vivy= (X

EtX)y= (x,y). (3,x)] x.3 € V(0), x + v, there is an R, € &, such that
(v, VIR, }.

Clearly A DAX)if Xisa graph, then X is planar (X can be drawn
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on a given surface) if and only if the same is true for X. If X is simple,
then X = X.

Let & be a group, # € G. The “*Cayley colour graph™ X  is the
following relational “ystem with binary relations:

ViXgp)= G,

RiXgp)=8( X )= {Ry 1 hell},
where 0

R, ={g.ghigeCGy.

The (left) reguler representation Pg of G consists of the permutations
7g.8 € (7, defined by 7 (x) = gx, where x & G.

Some trivial facts: P = (; forany H C G, A(X; 4) 2 I’;, conse-
quently A(.ﬁi};_”) 2 P(;. On the other hand, if ¥ is a simple graph and
A(Y) 2 Py, then Y = X(; 4 for a suitable H € G (cf. [7]). X 4 is con-
nected if and only if # is a g2nerating system of G.

Let X and Y be sunple graphs with

VX)) = {x,,, 0, ... x, 0, VIY)={y....0,}.
The mapping ¢ FCY) -~ F(Y) defined by
v, ifi=0,

vix,) =

y, iWi=1,..n
is called contraction of the edge (xg,x ) if
(xg.x,;) € E(X)
and
(V¥ E E(Y)e={x,, X )€ EX),2<i<j<n;
(yy) € E(Y)e=(x,,x) € E(X) or
(xg.x)E€EX).2Lj<n.

In this case we denote Y = $(X).
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i.et ¢ = Y, ... ;. where the ¢, 's are contructions of edges. Then ¢ is
called a cannected-homomorphism. (¢ is not a he .omorphism.) Let
Z =X, Then clearly Z is also a simple graph, «.d if X is planar, then
sy is Z. More generally, if X can be drawn on a given surface, then Z can
¢ drawn on the same surface.

§ 3. The .nain theorem

Theorem 1. There cre infinitely many finite groups which are not iso-
morphic with A(X) for any planar graph X .

In this paper we prove that the generalized quaternion groups Q7
have thes property. Q7. n > 3, is defined by

' =tagia? V=1 pap el pREa?

(O = 2" and y = 32 is the only element of Q7 of order 2. Hence, if
v (" ¢ # 1, ihen v is a power of x Isince Zio{x), and ofx*)) = 2),

Lemma. [y H is a generating system of the gencralized quaternion group
Q7. then the saadow of the Cayiey colour graph XQ,, y isnota planar
graph.

Proof. Since /{ gensrates a non-commutative group, it contains two non-
e:cmmluftmg elements ¢ and b ie.,ab # ba. Let ¥ = X'Q,,_ {ab} So
) J’I’Q,,‘ e
Clearly o(¢) # 2, 0(bY # 2. Hence xa, xa™ ', xb. x. * are four differ-
ent elements of Q" (x € Q7). That s, the graph 7 is regular of degree 4.
Y does noet contain any triangle To prove this statement we hove 1o
consider all products of three factors consisting of elementsa. a™ 1. b,
b ', and to prove that these products are different from tire unit ¢'
ment of Q7. But this is cbvious since any of the equalities

gttt =0, albla! =1, b'lata! =]
wouid imply that b is a power of a2 which weuld contradict the <ondi-

tion that ub + ba.
Finally
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alatlatl = |

would imply a = |, since (0(a), 3) = 1, which is also & sontradiction. We
obtain the remaining casve: by interchanging thz roles of @ and b.

Assume that Y is drawn in the plane. Let v be the number of vertices
of Y, e the number of edges and f the number of faces. Since the ver-
tices have valency 4, e = 2v. Since there is no triangle in Y, e > 2f (the
boundary of each face consists of at lcast 4 edges and an edge belongs
to the boundaries of 2 fices). Consequentiy, e 2 v r f, but on the other
hand v + > e. This contradiction proves the lemma.

Proof of Theorem 1. Ler X be a relctional system with unary and
binary relations. Let (F(X)i = k. We prove by induction on & that

1) if AcX) = Q" then the shadow Yof Xisnot a planar graph.

Lot AX) =P = Q% Let p be the only involution in P (the permutu-
tion corresponding to y < ¢"). Since 7 is not the identity permutation
eof V(XD thereisanx e V(X withp'x)# 5 Foranyg € P glx)=x
implies g = €, since otherwise p is & power of g.

For any vertex @ € V(X) we will denote by 7, the orbit of P contain-
inga. N '
We now consider the veitices v of .{ which cre adjacent to x. There
are two cases to distinguish. .

Cuase (a). Assun.e that y € V(X}\ T, and (x,y) € EiX) imply p(y) =y

Let K be the full subgraph of X on fx. and § = P|T,. Clearly
Sz P2 Q" and if we identify the elements of T, with the elements of
Q" by the one-to-one correspondence g(x) -» ¢, we obtain that S 1~s the
(ieft) regular represestation of Q7. Clearly S € A(X). Hence K = XQ,,'”
where H is a suitable subset of Q7.

If H is a generating system of Q" then K is not a plamar graph - this
was the assertion of the lemma; hence (because of K C X) we are
finished.

IfH d()LS not generate 2", then neither does H' = H L {p}. Hence the
graph K'= XQ,, y 18 disconnected. Let L be a connected component of
X' which does ros contain the vertex v. L is invariant under p since

€ H'. We define a permutation g of V(X)) by

qlur=u if 1«6 VL)
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gy =pluy if uc V().

This is indeed a permutation of F(X). since L is invariant under p.
g < A(X) because if R € 8,(X). u € V(L), v # V(L) {all the other ¢ases
are trivial), then (u,v) € R as well as (v,u) € R imply v € T, and there-
fore p(v) = v (this is the assumption underlying part {a) of this proof);
fence g(v) = p(v), @(u) = p(u). If (u,v) € R, then (p(u), pv)) € R, and
this implizs (g(u). g(v)) € R. Similarly, if (v,u) € R, then
(plv), plu)) € R, and this implies (q(v). glu}) € R. Finally, we have
(1) g(x) = x since x € V(L), and (ii) ¢ # € since none of the vertices of L
remains fixed under g. The latter two statements give a contradiction
since p(x) # x implies g(x) # x for ¢ach 7 € A(X}, g # €. Thi: contra-
diction proves thal H in any case gencrates ()7 this completes the proof
of case (23, and at the same time starts the induction.

Case (b). Assume that there is a vertex y € V(X) with p(¥) # v and
(x,vye ki X ). and which does not belong to the orbit of ? containing x.

Clearly q(x) = r{x) = q(y)=riy) = g =r, where g,r€ P.

Let us denote the elementsof the set T, by z,,q € P. ‘¥e define a
selational system X containing only unary and binary relations on the
set

p’{Xi ) = V‘;"" U }"{:. A ;r", Y 7". .

We first define some unary and binary relations on F(X,) For
RER(X). let

R'=RnViX)).
For R € £ ,(X), let “‘
| R'={uv) (u,v) € R, 11, 9€ V(X)) N VX)}
U {fu,z ) (u.g(x)) ER, u € V(X) N V(X))
U {{z, 0 (q(x),v) ER, v € F(X) N V(X ))}

U {(z,,2)i{glx), rixsy =R}
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R" = {u,z,)| (4. qyNER, L€ V(X)n V()
U {(z,,0)i (@(»)v)ER, b E VX)) N ViX)))
U {(zg.2)1(q(»), r(¥)) ER} .
R™= {{z4.2,)1{q(x) Hy))IER},
R¥= {(z,.2,0i(q(y). i(x)) €R}.
Finaliy let
(XD ={T,}JU{RIRER(X)},
Ry(X;)= (R K" R" RYIRE€RHX)}.
For q € P, let the permutation ¢" of V(X ) be defined as follows
g =gw) 15 ue V(Xyn VX,
gz, =24, .
It is clear that in this way we obtain indeed an automorphism g' of X ;
the correspondence ¢ = q, where g € P, is one-to-one and (gr) = ¢'r’.
That is, the set of permutations
F'=iq1qeP)
is a subgroup of A(XDand P = F= Q".

By the definition of X, one can easily prcve that every automor-
phism of .{; is of the form q', where q is a suitable element of P. For if
1 2 A(X,). let us define the permutation q of V(X) as follows:

gl =) if we Vi) Y VX,
c@Y=r{x) if u=s(x) and H:zp3=2z,,

quy=r(y) if u=siy) and Hzg =z, where rs€P.
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In this way we really def.ned a permutation of F(X). T. being invariant
under ¢ because of T, € &,(X,). The fact that ¢ € A(X) is an immediate
consequence of the definition of &, (X,) and & (X} ): and clearly £t = ¢q'.
Consequently A(X,)=P".

Let the mapping ¢ : V(X) — V(X,) be defined as follows:

puy=u if ueVxynvX,,

~BRP
.

dur=z, it u=q(x) or u=qiyj.

q
By construction, ¢ is a connected-homomorphism from X onto X,.

V(X )i < 1V(X)i, hence by the induction hypotaesis. X is not a
planar graph. In consequence of the existence of the connected-homo-
morphism ¢, the graph X is likewise non-pianar.

i

§ 4. Constructions

The following theorem shows that (1) is not much more general than
the original Theorem 1.

Theorem 2. o2 * e a finite relational system containing only unary
and binary relatings. Assume that Xisa planar graph. Then triere exists
a2 simpile planar graph 'Y such ihat A(Y) = A(X). Moreover, if X is con-
nected \ Z-connected, fixed-point-free) then Y may be assumed to have
the same property.

Proof. First we get rid ¢f unary relations and of vertices which do not
belong to any pair (x,y) € R forany R € 8,(X).

Lot X' be the reiational system contairing only binary relations de-
fined as follows:

(X = V(X);

RXN=8(X)=R NV Sy I RERNIU ),
where

Sp=ilrx)ix€ER -,
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I={tx,x}1 (x,») &R and (y,x)¢R forany y € V(X), RER (X} .
Clearly X’ = X and A(X") = A(X).
in what follows, we apply a well-known method known under the
name of sip-construction (cf. [ 3, 5]).
Letuswrite R(X'y={R;1i=2, ..n} Foreachi= 2, .., n, we define
a directed graph D, by
VD)= {(k,i): 0< k< 2§},
EWD)= {{(k, i3, (k+1,ipi C<k<i-1})
U{k+1L, D), (ki) i<k < 201}
U {((0,0), (24,iN} .
and we put

a;=(0,h e V(D,), b, =(i,iye VD, .

Next, we define a directed graph X as follows:
n
VX" =( U V(D) X R}t ,
=&

n
where E is the equivalence relation on U ., ¥(D;) X R, generated as
follows:

(3,2)
(2,2)= b,

(4,2,
{1,2)
AN
\o-f/

Vg 1. The graph D;.
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(th if d #a;,b; forevary i=2, .., n, then
(d.s)E(d'.s") == :d,5) =(d".s"),
(2)  (@;,(x.x2) E(g;,(x},x3)) = x) = x},
(3) ibilx;, 5, {g, (x],x3)) = x; =X,
(4) i (xx)) E (B, (x),X3)) = x5 =x).
We denotc t; *#s the equivalence class containing (d,5). Let

E(X")=1{¢d,+s,,dy%sy) thereaved,,dy,s' such that
dy*s; =d}*s,dyesy = dy*s'.\d},d5) € U s E(D,)]

In other words. the graph X" is obtained bv replacing every couple
(x;,X2) €R, (“colouied edgc ™"} in X' by a copy of D; in such a way tiat
a; corresponds to x| and &; to x,. Clearly £(X") is irreflexive. The proof
that A(X'} > A(X"j1s analogous to that of Theorem 1 in [3}]:

Let f € A(X'). Define the mapping ®(;) from V(X") onto itself by

S(11d s (x),x) = d=(f(xy), f(x2)).

This defiz:ition -loes not depend on the choice of the representative of
the class d * (x, ,x,). Obviously P(f) € AtX") and & defines a homo-
niciphism of A(X ) into A(X"). Let f,g € A(X"), f# g. Hence

f(x)+ gix) for some x € V(X'). As a consequernice ¢t the construction
of X', there is a z € V(X') such that eitner (x,z; €R, or (z,x) ER, for
some i, 2 < i < n. Consider a vertex d € V(D) \ {g;, b;} (this is possible
since by definition | I(D;)] > 3). First let {x,z) € R;. We have

T(f)(d*(x,2))=d*(fix),f(z})
#d*(g(x), g(z))=P(g)(d*(x,2)).
Similarly for (z,x) € R;. Hence & is 2 monomorphism.
Let g € A(X"). The proof that A(X') = A(X") will be finished if we
show that g = ®(f) for some f€ A(X"). As the elements of the set

V= {d’*{x“xz)t de V(Dz)\ {a",bg}, (Xl,X2)€Ri, i= ?, ...,n}

are the enly vertices of X" which are end vertices of exactly one edge,
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Y

ass a;*(x |, x,) depends only on x, but not on i and

Y

e

he ¢

4
X, ; similarly, b, *(x,

MOTCOVET.

| -

pends only on x,. Hence there is a mapping

a

X,) de

Z),

i?

ind z,u € V(X'). It follows easily that

a;*(f(x;

—
-—

g(l’i*‘.t];xz), = b,*(u,f(x)_)) Y

gla;+{x .y

f defined on V(X ') such that

-

y
RS

ol
). Thus, A(X")

-

i=2

i

).

A(

=

4

H{XO) = ‘?{2(4 0) = ‘

where

-

¢.\'2

=

X

X4,X2)ER,.

nsee [3, 5]). Let

e

product (for a definitio

Iy
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where * denotes Sip-product; W denotes the undirected Sip-indikator
denzted by i T,Z.5°.5") in hoth [3] and [5] (see fig. 2). That means,
we obtuin ¥ by replacing every edge in X° by a copy of W in such a way
that 5’ is the initial and 57 the terminal vertex. W is a planar graph, and
the vertices 5" and 5" belong to the boundary of the same face; hence if
X" is planar. so also is ¥ Since X" does not contain isolated points and
E(X ") 1s irreflexive, we obtain by Theorem 1 and Lemma 2 of {3] that

AYi=CW=X")y=((X").

Fron this follows A(Y) = A(X").
Y is a simple graph. If X" has no fixed points, neither does V. if X7
is ccnnected { 2-connected), so also is Y.

Rem:zark 1. The same construction resulis in a simple graph Y which is
embeddable in a given surface whenever X is so. This is obvious if we
consider the above proof.

Theorem 3. Given any finite abelian group G there is a simple planar
graph X such that A(X) = G. Furthermore, X can be so constructed as
to have one af the following properties:

(a) X is fixed-point-free if (GI > 1

(h) X is connected’

Remark 2. In a later paner we shall prove that there are abelian groups
which aliow neither the Y-connected planar graphs nor the planar graphs
hav:ng simultaneously properties (a) and (b).



References 307

Proof of Theorem 3. Let & = Z(n,) X ... X Zir,) where Z(n) denotes the
cyclic group of orde: n. Let X| and X, be the relational systems con-
taining only binary relations defined as follows.

VX =i 1 <i<k, 1 <j<m}.
RXD=8(X=(R;I 1 i<k}

where
Ry={(G,pr G jrIpt I <j<n -0 iU, m),d, 1)} .

Obviously A(X) = «;. and :}Fl is planar. Moreover, X, is fixed-point-tree
ifn;# Ifori= 1, ... &(which we can assume whenever i G| > |).
Now let v & VX, and put

ViX))y= V(X)) v},

RX) =63 X)) =Ry(X U (RY,
where

R={w.x)| xe V.

Obviously A(X;) 2 G, and X, is connected and planar. Application of
Theorem 2 to X and X . respectively, completes the proof.
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