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Abstract

A skew-morphism of a finite group G is a permutation ¢ of its elements fixing
the identity such that for each g € G there exists a non-negative integer 7, sa-
tisfying p(gh) = ¢(g)¢% (h) for all h € G. Skew-morphisms plays an important
role in the study of regular Cayley maps and the theory of permutation groups.

In this thesis we study properties of skew-morphisms of abelian groups by
investigating their powers. Using this approach we obtain new results, which
help us better understand the structure of skew-morphisms of abelian, and in
particular, cyclic groups. For the case of cyclic groups we present a complete
classification of the class of coset-preserving skew-morphisms which is an im-

portant subclass of skew-morphisms.

Keywords: Skew-morphism; Cayley graph; Cayley map; embedding; power;

abelian group; cyclic group.



Abstrakt

Koso-morfizmus konecnej grupy G je takd permutacia ¢ jej prvkov, ktord za-
chovéva identitu a splha nasledujiucu vlastnost: pre kazdy prvok g € G existuje
nezéporné celé ¢islo 4, spliiajice ¢(gh) = ¢(g)p' (h) pre vietky h € G. Koso-
morfizmy zohravaju doleziti tlohu pri Stadiu regularnych Cayleyho mép aj v
teorii permutacnych grap.

V tejto praci Studujeme vlastnosti koso-morfizmov abelovskych grip pomo-
cou skiimania ich mocnin. Pouzitim tohto pristupu sme ziskali nové vysledky,
ktoré nam umoznuju lepsSie pochopit Struktiru koso-morfizmov pre abelovské,
a konkrétne cyklické grupy. Pre cyklické grupy sme objavili kompletnt klasifi-
kaciu triedy koso-morfizmov zachovavajicich triedy jadra mocninovej funkcie,

ktora je dolezitou podtriedou vsetkych koso-morfizmov.

Krlacové slova Koso-morfizmus; Cayleyho graf; Cayleyho mapa; vnorenie;

mocnina; abelovskd grupa; cyklickd grupa.
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Chapter 1

Introduction

1.1 The main aim

The concept of a skew-morphism was first introduced by Jajcay and Sirafi in [15] in the
context of regular Cayley maps. Skew-morphisms constitute a special class of identity-
preserving permutations of finite groups, and their structure helps us investigate Cayley
maps. However, their structure is not fully understood even for the simplest classes of finite
groups. For example, the complete classification of skew-morphisms for the class of cyclic
groups is still not completed (see [16]), and the largest list of all skew-morphisms of cyclic

groups [7] goes only up to the order 60.

In this thesis we use (and extend) an approach developed in [1] for the study of the
skew-morphisms of abelian groups. This approach investigates skew-morphisms by studying
their powers. We show that each non-trivial skew-morphism of an abelian group with a
generating orbit possesses a power which is a non-trivial coset-preserving skew-morphism.
Consequently, each non-trivial skew-morphism of a cyclic group possesses a power which
is a non-trivial coset-preserving skew-morphism. This result underlines the importance of
the class of coset-preserving skew-morphisms (introduced in Section 2.6) for understanding
the structure of all skew-morphisms of cyclic groups. One of the main results of this thesis

is a complete classification of coset-preserving skew-morphisms of cyclic groups.
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1.2 Content of chapters

The thesis is organized as follows. In Chapter 1 we outline the aim of this thesis, intro-
duce essential preliminaries and recap the short history of the problem. Definitions and
properties concerning skew-morphisms along with examples are given in Chapter 2. In
this chapter we also introduce coset-preserving skew-morphisms, an important subclass
of skew-morphisms. This class plays an important role in Chapter 3, which is devoted to
skew-morphisms of abelian groups and contains some of the main results of this thesis. In

Chapter 4 we conclude this thesis and outline possible directions of our future research.

1.3 Brief history of skew-morphisms

One of the first results concerning Cayley maps is due to Biggs [3], who was the first
to notice the connection between the existence of a special group automorphism and the
regularity of, what we call today, a balanced Cayley map. These results were later extended
by Siraii and Skoviera in the series of articles [20, 21, 22|, who introduced antibalanced
Cayley maps and antiautomorphisms. The paper [13]| builds further on these results and
introduces the concept of a rotary mapping and a rotary extension. These and several other

results are generalized and unified by the concept of a skew-morphism introduced in [15].

Since their introduction, skew-morphisms were considered in many papers. One of the
main branches of this research studies the class of the ¢-balanced skew-morphisms (see
Section 2.6.1). Many interesting results on this topic are summarized in [8] and [11]. A
complete classification of the t-balanced skew-morphisms for cyclic groups was introduced
by Kwon in [17]. In [16], Kovacs and Nedela ivestigate skew-morphisms of cyclic groups
in the context of their associated Schur rings. Results in [14] and [1] indicate that skew-

morphisms also play a role in the study of non-regular Cayley maps.
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1.4 Cayley graphs and Cayley maps

In this thesis we study skew-morphisms regardless of whether they support a Cayley map
or not. However, we include brief summary of the theory of Cayley maps, as it is the
original and main motivation for the study of skew-morphisms. The fundamental theorems
connecting skew-morphisms and Cayley maps are summarized in Section 2.2. For a survey
of the theory of Cayley maps see [18]. For group-theoretic terms not defined here we refer

the reader to [5] and for terms from topological graph theory to [12].

1.4.1 Cayley graphs

A concept similar to a concept of Cayley graphs were first considered by Cayley in [6].
Cayley graphs constitute a central tool in combinatorial and geometric group theory, for
their high level of symmetry. We will use slightly different definition than that of Cayley, by
which we obtain undirected graphs (Cayley’s original definition produces colored directed

graphs).

Definition 1 Let G be a group and let X be a generating and symmetric set that does not
contain the identity element of G, i.e., X generates the whole of G, for every x € X we
have ™' € X and 1 ¢ X. The Cayley graph T = T'(G, X) is the simple loopless graph with
the set of elements of G serving as the vertex set V(I') and two vertices g and h adjacent

if and only if h~'g € X.

Note that, by the symmetry condition on X, we have h~'g € X if and only if (h~1g)™! =
g 'h € X, so the resulting Cayley graph I' is undirected and well defined. It is also
connected and loopless, as X generates G and does not contain 15. We demonstrate this

definition on the following examples.

EXAMPLES (1) Let G = (Zs,+) and let X = {1, 3, 5}. Note that X is symmetric, as
1+5=0 (mod6) and 3+ 3 =0 (mod 6). The vertex set of Cayley graph I'(G, X) is
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So So
R1| \R2
Ry
So s2
R2
R> R,
So
S1

Fig. 1.1: Cayley graph I'(Zg, {1, 3, 5}) Fig. 1.2: Cayley graph T'(D3, {R1, Rs, So})

V(') =40, 1, 2, 3, 4, 5} and the edge set consist of the following tuples:

E() = {{0,1}, {0,3}, {0,5}, {1,2}, {1,4}, {2,3}, {2,5}, {3,4}, {4,5}}.

The resulting Cayley graph is a vertex-transitive cubic graph of the order 6 (see Figure
1.1). Recall that graph I' is vertex-transitive if for any two vertices a, b € V(I") there is a

graph automorphism mapping a to b.

(2) Let G = ®3 be the dihedral group of the symmetries of the equilateral triangle.
Let X be a set containing all non-trivial rotations and one of the reflections of equilateral
triangle, i.e., X = {Ry, Ry, So}. The resulting Cayley graph I'(Ds, {R1, Rs, So}) is again
vertex-transitive, cubic and of the order 6, but it is clearly non-isomorphic to the previous

graph I'(Zg, {1, 3, 5}), as only the latter one contains a triangle (see Figure 1.2).

The property of being a vertex-transitive graph in both of the previous examples is no
coincidence. For each element a € G, we can define an action L, of a on a Cayley graph
['(G, X) via left multiplication, that is, L,(g) = ag. A straightforward verification shows
that the set of these translations forms a subgroup of Aut(I'(G, X)) isomorphic to the
underlying group G. As this action of G on V(I') is transitive, every Cayley graph I'(G, X)

is vertex-transitive. Moreover, we see that every Cayley graph I'(G, X) has a subgroup of
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Fig. 1.3: The Petersen graph

Aut(T'(G, X)) isomorphic to G acting regularly on its vertex set. It was shown in [19] that

the converse also holds, thus we obtain the following characterization of Cayley graphs.

Theorem 1 (Sabidussi’s Theorem) A graph I is a Cayley graph of a group G if and
only if it admits a regular action of G on V(I') by graph automorphisms.

All Cayley graphs are vertex-transitive, but the converse does not hold true. The smal-
lest example of a non-Cayley vertex-transitive graph is the Petersen graph from Figure
1.3.

Because of their high level of symmetry, Cayley graphs play an important role in the
study of highly symmetric objects. We will focus on their application in the study of regular

maps that concerns the concept of a Cayley map.

1.4.2 Maps

To define a Cayley map, we must define a more general concept of an orientable map. A
surface S is a connected (not necessarily compact) 2-manifold without boundary. From
now on and throughout the paper, we will assume in addition that S is orientable and that

it is oriented clockwise.
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Fig. 1.4: A map on the torus

Definition 2 An orientable map M 1is a 2-cell embedding of a graph I as a closed subset
of a surface S. The graph T" is the underlying graph of M.

The term ‘2-cell’ means that each face of M (i.e., each component of the complement
of the graph in the surface) is homeomorphic to the interior of the unit disc and ‘closed’
implies that the graph has no accumulation points as a topological subspace of the surface.
The length of a face boundary, that is, the number of edges in a walk once around the
perimeter of the face, is the covalence of the face. An example of an orientable map on the
torus can be seen in Figure 1.4. From now on, by a map we will understand an orientable
map. We note that the underlying graph of a map is always connected, as disconnected

graphs does not admit a 2-cell embedding.

A map can be described in the following, purely algebraic way, which proves very useful
in the study of its properties. Let D(M) denote the set of darts of a map M, (i.e., the set
of edges with direction). Note that |D(M)| = 2|E(I")|, where I is the underlying graph
of M. The map M can be described in terms of two specific permutations of D(M). The
first permutation is A, the dart-reversing involution associated with the underlying graph
[' (note that A is independent of the embedding). The other permutation is p, defined as
follows. For each dart e € D(M), p(e) is the clockwise next dart of the embedded graph
emanating from the same vertex as e. The full information about the embedding is carried

by the pair A, p of permutations of D(M) in the following sense: Vertices, edges and faces
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S

Fig. 1.5: An incorrect embedding of a graph

of M are represented by orbits of the permutations p, A and pA, respectively. Incidence
between these elements is given by non-empty intersections of the corresponding orbits.

We illustrate these observations in the following example.

EXAMPLES In both examples we consider embeddings of the complete graph on 4 vertices
without one edge in the torus. We will denote this graph by I' and its vertices by A, B, C
and D, with the missing edge between A and C.

(1) In Figure 1.5 we see an embedding, which is not 2-cell, as the emphasized face
is not homeomorphic to the interior of the unit disc. Thus, not every embedding of a
connected graph gives rise to a map. One can also easily verify that this embedding is
not a map, by simple counting argument using the Euler characteristic of the surface. Let
V|, |E| and |F| denote the number of vertices, edges and faces of a map. In this case, we
have 4 vertices, 5 edges and 2 faces. If our embedding was indeed a map, then the Euler
characteristic of the torus would be xy = |V| — |E| + |F| = 1, which is not the case, as the

Euler characteristic of the torus is y = 0.

(2) It is straightforward to check that the embedding of I" in Figure 1.6 is a map. We
will denote this map by M. The number of faces of M is x — |[V|+|E|=0—-4+5=1
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10
1 2
© C
\ 8 3
7 4
6 oS

| ()

Fig. 1.6: A correct embedding of a graph

(note that each of the numbers x, |V, |F|, and |F| is uniquely determined by the other
three). The set of darts D(M) has 10 elements. Adapting the notation from Figure 1.6 we

have

A =(1,8)(2,10,3)(4,5)(6,7,9), p=1(1,2)(3,4)(5,6)(7,8)(9,10),

Ap=(1,7,10,4,6,8,2,9,5,3)

We have the following one-to-one correspondence between the orbits of p and the vertices
of I':
0(1,8) — A 0(271073) ~ B 0(475) — C 0(6,7,9) < D,

and the following one-to-one correspondence between the orbits of A and the edges of T

0(1’2) H{A, B} 0(3’4) < {B, C} 0(5,6) e {C, D}
0(7,8) < {D, A} 0(9710) < {D, B}

To find all edges incident with a vertex, e.g. vertex corresponding to the orbit Oy 103) of
p, we have to find all orbits of A which contain one of the darts 2, 10 or 3. Thus the vertex
which corresponds to the orbit O3 103) of p is incident with three edges corresponding to

the three orbits O 2), O34y and Og 1) of A.
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In what follows, we use the extended notation M = M(p, \) to denote the map whe-

never necessary. We proceed to define the automorphism group of a map.

Definition 3 Let M(p, \) be a map. The automorphism group Aut(M) of the map M
is the group of all permutations of the set D(M) preserving the map structure (i.e., the
incidence of vertices, edges and faces) of M and the orientation of the surface. In terms
of permutations p and X, the automorphism group Aut(M) is formed by all permutations
of the dart set D(M) that commute with both p and .

It is well-known [4] that the automorphism group of any map M acts semiregularly on
its set of darts (i.e., the stabilizer of each of the darts in Aut(M) is a trivial group). This
implies the upper bound |Aut(M)| < |D(M)|. This leads to the definition of maps with
the richest possible automorphism group.

A map M is a regular map if |Aut(M)| = |D(M)|. The study of regular maps is
one of the main topics of the graph theory as it is related to many different branches of

mathematics (the theory of Riemann surfaces, hyperbolic geometry, Galois theory, etc.).

1.4.3 Cayley maps

A regular action of the set of all left translations L, on a vertices of a Cayley graph suggests
a high level of symmetry of its embedding as a map. Since an automorphism of a map must
preserve not only the structure of the underlying graph but also incidence of its faces and
the orientation of the surface, the regular action will carry over only for embeddings that
‘look the same’ at each vertex. A precise formulation of this leads to the concept of the

Cayley map.

Definition 4 Let I'(G, X) be a Cayley graph, and let p be any permutation of the genera-
ting set X. A Cayley map M = CM(G, X, p) is a 2-cell embedding of the graph T'(G, X)
with the property that for each vertex g € V(I'), the cyclic permutation of darts (g, ),

x € X, mduced by a clockwise orientation coincides with p.
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Fig. 1.7: A Cayley map

The action of G on itself via left multiplication in a Cayley map M = CM(G, X, p)
induces, for each element ¢ € G, a map automorphism L, of M, L,(g,2) = (ag,x),
for all ¢ € G and x € X. Thus, the automorphism group Aut(M) of a Cayley map
M acts transitively on the set of vertices via a copy of G. Note that for a Cayley map
M =CM(G, X,p) we have |[D(M)| = |G| - | X].

Combining our observations, we obtain the following bounds on the size of the auto-
morphism group of a Cayley map |G| < |Aut(M)| < |G| - |X]|. A regular Cayley map is a
Cayley map M = CM (G, X, p), which is regular, i.e., |Aut(M)| = |G| - | X].

The above definitions are demonstrated in the following example.

EXAMPLE Consider the Cayley map M(p, \) = CM(Zs,{1, 3, 5},(1,5,3)), shown in
Figure 1.7. Let a;, denote a dart directed from the vertex a to the vertex b. The dart set of

M consists of these 18 elements:

D(M) = {04, 03, 05, 1o, 14, 1o, 23, 25, 21, 34, 30, 32, 45, 41, 43, Do, D2, Ha}.
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Using this notation we have

A = (01, 19) (03,30) (05, 50) (12,21) (14,41) (23, 32) (25, 52) (34,43) (45, 54)

p = (01,05,03) (12, 1o, 14) (23,21, 25) (34, 32, 30) (45,43, 41) (50, 54, 52).

We proceed to determine the number of automorphisms of M. Let us first recall that
we already know six automorphisms of M, in particular all left translations L, for a € Zg.

Next suppose the following permutation of D(M):
v = (04,05, 03) (50, 30, 31) (12, 54, 32, 14, 52, 34) (21,45, 23, 41, 25, 43).

Since vp = pv and vA = Av, we have v € Aut(M).
We proceed by considering the following 18 automorphisms of M generated by Lo, L1,
LQ, Lg, L4, L5 and v:

2 2 2 2 2 2
Ly, v, v°, Ly, Lyv, L1v°, Ly, Lyv, Lov®, Lg, L3v, L3v®, Ly, Lyv, Lyv®, Ls, Lsv, Lsv”.

These automorphisms are all distinct, as

Lo(01) = 04, v(0;) = 0, v?(01) = 0s,
L1(01) = 1y, Liv(0y) = 1o, Li1v?(0y) = 14,
Ly(01) = 23, Lyv(0y) = 24, Lyv*(01) = 25,
L3(01) = 34, Lsv(01) = 3, L3v*(01) = 3o,
Ly(01) = 45, Lyv(0y) = 43, Lyv?(0)) = 44,
Ls(01) = 5, Lsv(01) = 5, Lsv*(01) = 59

Thus, we have 18 < |Aut(M)| < |G| - |X| = 6 -3 = 18, hence |Aut(M)| = 18. So the
Cayley map CM (Zg, {1, 3, 5}, (1,5,3)) is a regular Cayley map.



Chapter 2

Properties of skew-morphisms

In this chapter we introduce the concept of a skew-morphism. Definition and basic examples
of skew-morphisms are presented in Section 2.1. Before we proceed to investigate properties
of skew-morphisms, we introduce in Sections 2.2 and 2.3 fundamental theorems connecting
skew-morphisms and the theories of Cayley maps and permutation groups. Basic properties
of skew-morphisms for arbitrary groups are summarized in Section 2.4, while Section 2.5
is devoted to properties of skew-morphisms of abelian groups. In Section 2.6 we introduce
two important subclasses of skew-morphisms — t-balanced skew-morphisms and coset-
preserving skew-morphisms, which play a key role in Chapter 3. Powers of skew-morphisms

(as powers of permutations) are studied in Section 2.7

2.1 Definition and examples of skew-morphisms
The following definition of a skew-morphism is due to Jajcay and Sirai [15].

Definition 5 Let G be a finite group (from now on and throughout the thesis we restrict
ourself to finite groups). A permutation ¢ : G — G is a skew-morphism of G if it stabilizes
the unit element of G, that is p(1g) = lg, and for each g € G there exist a non-negative
integer v such that

o(gh) = go(g)goi(h), for each h € G.

12
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The order of ¢ is the smallest positive integer |o| = n for which ©™ is the identity permu-
tation idg. The orbit of an arbitrary element g € G of a skew-morphism o will be denoted

by O,.

Note that the order of a skew-morphism is always finite, as we restrict ourself to finite
groups. Any group automorphism is also a skew-morphism with ¢ = 1 for all ¢ € G, thus the

concept of a skew-morphism is a generalization of the concept of a group automorphism.

The powers ¢ from the above definition are uniquely determined in the following sense
(as proved in [15]). If ¢ is a skew-morphism of a group G, then for each g € G there is an

unique non-negative integer m(g) < |¢| such that
o(gh) = ©(g)p™ 9 (h), for each h € G. (2.1)

Moreover, if ¢ # idg then m(g) > 0 for each ¢ € G. We call a mapping 7 : G —
{0, 1, 2,... ,|p| — 1} a power function of ¢. If ¢ is non-identity, then the power function
of ¢ is a mapping 7 : G — {1, 2,... | |p| — 1}.

Let ¢ be a skew-morphism of G with the power function 7, let k£ be a positive integer
and let g € G. We will denote by m(k, g) the sum of power functions of k consecutive
elements of o, starting with the element g, i.e., m(k,g) = 7(g) +7(0(g)) +- -+ m(""1(g)).
Note that 7 (1, g) = 7(g).

We demonstrate the above definitions on the following examples.

EXAMPLES (1) Let ¢ = (1,5,3) be a permutation of a cyclic group Zg = (Zg, +). This
permutation is identity-preserving, as ¢(0) = 0. The permutation ¢ is a skew-morphism if
and only if there exist a power function 7 : Zg — {1, 2} such that p(g+h) = p(g)+¢™9 (h),
for each g, h € Zg. We proceed to find this function or to prove that it does not exist. Recall
that if the power function exists, then it is unique.

As p(2) = 2, we have

e(1+1)=p(2) =2=5+3=p(1) + (1)
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thus, if 7 exists, then m(1) = 2. In a completely analogous way we obtain 7(3) = 2 and

m(5) = 2. Take h = 2, 4, 6 and consider the following calculations
©(0+h)=h=0+h=p0)+ph).

Thus, if 7 exists, then necessarily 7(0) = 7(2) = 7(4) = 1.
One can easily verify that ¢ = (1,5,3) and 7 : Zg — {1, 2}, defined by 7(2¢) = 1 and
m(2i +1) = 2 for i = 0, 1, 2, satisfy the equation p(g + h) = ©(g) + ¢©™9 (h), for each

g, h € Zg. Hence, ¢ is a skew-morphism of Zg with the power function 7.

(2) Let ¢ = (1,5,3,7) (2,6, 4) be an identity-preserving permutation of a cyclic group
Zs. Suppose that ¢ is a skew-morphism of Zg with the power function 7.

As ¢(0) = 0, we have
p(543) = @(0) = 0=3+5=(5) +¢°(3),
hence 7(5) =3 (mod 4) as |O3] = 4. On the other hand
p(d+2) =p(7) =1=3+6=9() +¢(2),

thus 7(5) = 1 (mod 3) as |O3] = 3. The only solution of the two congruences modulo

|p| = 12 equals 7, and thus, 7(5) = 7. But then
6=0(2) =¢(5+5) = ¢(5) +¢'(5) =3+1=14,

which is a contradiction. Thus ¢ is not a skew-morphism of Zg.

Basic properties of a power function, some of which we already mentioned, are summa-

rized in the following lemma.

Lemma 1 ([15]) Let ¢ be a skew-morphism of a group G with the power function w. Then
the following hold:

(i) For any g € G the equation ©(gh) = ©(g)¢'(h) holds for each h € G if and only if

i=m(g) (mod |g]);
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(ii) If m(g) = 0 for some g € G, then @ is an identity permutation;
(iii) 7(1) = 1;

(iv) For any g,h € G we have

m(g)—1

wlgh) = > w((h)

1=

m(m(g),h) (mod [¢]).

For convenience, we use the following notation of the power function. Let

Y= (ala Qp(al)’ s >§0i1_1(a1)) (an R 901‘2_1(@2)) e (ajv R cpij_l(aj))

be a skew-morphism of a group G with the power function 7. We will write 7 in the form

[m(a1), m(e(ar)), - w(e™ Har)] [m(az), - w(0™ H(a2))] - [m(ay), ... 7" (ay))].

For example we will write the power function of the skew-morphism ¢ = (1,5,3) of
Zg from the above example as [2,2,2]. Note that this notation does not hold the complete

information of 7 as it does not include values of 7 of stabilized elements of .

2.2 Skew-morphisms and Cayley maps

In this section we present several theorems introduced in [15] and [1] that connect the
concept of skew-morphisms and the theory of Cayley maps. The first of these theorems

sums up the relevance of skew-morphisms for regular Cayley maps.

Theorem 2 ([15]) A Cayley map M = CM (G, X, p) is reqular if and only if there exists

a skew-morphism ¢ of G such that p(z) = p(x) for all x € X.

Such a skew-morphism for a regular Cayley map M is uniquely determined and will
be referred to as the skew-morphism associated to M. The above theorem extends to a

characterization of groups admitting regular Cayley maps.
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Theorem 3 ([15]) A group G admits a regular Cayley map M = CM(G,X,p) if and
only if there exists a skew-morphism ¢ of G that has a symmetric orbit X that generates

the group G.

Throughout the thesis we will often refer to skew-morphisms that are relevant for regular
Cayley maps, i.e., skew-morphisms that has a symmetric orbit which generates the whole

group. We will call them skew-morphisms that give rise to reqular Cayley maps.

We proceed to introduce the concept of a (1/k)-regular Cayley maps. Let M be a
Cayley map. An action of a subgroup H < Aut(M) is said to be (1/k)-dart-transitive
if H acts on the set D(M) of darts of M via k orbits. We say that Cayley map M is
(1/k)-regular if it is not (1/j)-regular for any 0 < j < k and its full automorphism group
Aut(M) acts (1/k)-transitively on D(M)(by 1/1-regularity of M we mean regularity of

The last theorem of this section, which generalize Theorem 2.4 from [14], is an analogue

of Theorem 2 for the case of (1/k)-regular Cayley maps.

Theorem 4 ([1]) Let k be a positive integer and M = CM (G, X, p) be a Cayley map that
is not (1/7)-regular for any 0 < j < k. Then M is (1/k)-regular if and only if there exists

a skew-morphism ¢ of G whose restriction to X is equal to p*.

The above theorem states that skew-morphisms are relevant also in the study of Cayley

maps which are not regular.

2.3 Skew-morphisms and permutation groups

Before presenting the result that connect skew-morphisms with the theory of permutation
groups, we need to introduce a few concept of this theory. For a survey of the theory of

permutation groups see [5].

Let G be a (finite) group and let g be an arbitrary element of G. Then we can define
the permutation g, of G by gr(h) = gh for each h € G. Let G, denote the permutation
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group induced by these permutations. Note that G is isomorphic to G under the mapping
g — gr. We will denote by Sym(G) the group of all permutations of the set of elements of
G. Thus, G, is a subgroup of Sym(G).

For an arbitrary groups Hi, Hy < Sym(G) we denote by Hy H, the subgroup generated
by all elements of the form hihy = hy o hy where hy € H; and hy € H,. Note that

HyHy; < Sym(G). The subgroup generated by the permutation 7 € Sym(G) will be denoted
by (7).

The following theorem characterizes skew-morphisms in terms of permutation groups.

Theorem 5 ([1]) Let G be a group, and let ¢ be a permutation of G that fizes 1. Then
@ is skew-morphism of G if and only if |GL{p)| = |G| |¢|.

Note that the characterization in terms of permutation groups does not use the concept

of the power function.

2.4 Basic properties of skew-morphisms

In this section we present several basic properties of skew-morphisms introduced in [1] and

[15] that will be useful throughout this thesis.

The definition of a skew-morphism of G tells us that ¢(gh) = (g)¢™ @ (h) for any
g, h € G. We obtain the formula for computing ©?(gh) by the following calculation:

©*(gh) = ¢(p(gh)) = p(p(g) - ™9 (h)) =
= 0(p(g)) " (™) (n)) =

_ @2(9) SOW(Q)‘FW(%O(Q))(}L)_

As the exponent 7(g)+7(¢(g)) equals (2, g), we obtain the formula ©?(gh) = ¢*(g) "9 (h)
for each g, h € G.
We proceed to calculate ¢3(gh). Using the formula for ©?(gh) we obtain

©*(gh) = p(¢*(gh)) = @(p*(g) @™ W™D (h)) =
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_ (p(gﬂ(g)) pr(goQ(g))(<p7r(g)+7r(g0(g))(h)) _

s ™ ™ 2
=% (g) ¢ (9)+7(p(9))+7(p )(9)(h).

As 7(9) + 7m(p(g)) + 7(°)(9) = 7(3,9), we obtain the formula *(gh) = ¢*(g) ¢"*9 ()
for each g, h € G.
By an induction argument on the exponent i of ¢ one can easily verify that for any

positive integer k£ we have
o (gh) = ©"(g) " "9 (h) for each g, h € G. (2.2)

The above equation plays key role in Section 2.7, which is devoted to the study of powers

of skew-morphisms.

We proceed to present important algebraic properties of the power function 7 of a skew-
morphism ¢ of G (we will suppose that ¢ is non-trivial). We begin with the investigation
of the set kerm = {g € G | m(g) = 1}. Note that, by Lemma 1 (iii), we have 15 € kerm

and ker 7 is closed under group multiplication as for g, h € ker m we have

m(gh) = m(7(h),g9) = 7(1,9) = 7(g9) = 1.

The set ker 7 is also closed under taking inverses, since, for g € ker 7

l=n(lg) =mn(g 'g) =n(n(g),g ") =7(l, g ") =n(g7"),

thus ¢! € ker 7 as well. Summing up, we proved that ker 7 is subgroup of G.
Using similar arguments based on Equation 2.1, we can prove that also the set Fix ¢ of
elements fixed by ¢ form a subgroup of GG. These results and several others are summarized

in the following lemma (see [15] for the complete proof).

Lemma 2 ([15]) Let ¢ be a skew-morphism of a group G with the power function w. Then
the following hold:

(i) The setkerm ={g€ G | n(g) =1} is a subgroup of G;
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(ii) m(g) = w(h) if and only if g and h belong to the same right coset of the subgroup

ker 7 in G;
(iii) The set Fix p ={g € G | v(g9) =g} is a subgroup of G;
(iv) w(ghg™') =1 for all h € kerm NFix ¢ and all g € G;

v) The group ker m N Fix ¢ is a normal subgroup of Fix .
¥ ¥

2.5 Properties of skew-morphisms of abelian groups

The aim of this thesis is the study of skew-morphisms of abelian and, in particular, cyclic
groups. In the abelian case, skew-morphisms satisfy many additional useful properties,
which do not hold in general for non-abelian groups. Some of these properties are presented

in this section.

Let ¢ be a skew-morphism of an abelian group A with the power function 7. Recall
that the set kerm = {a € A | m(a) = 1} is a subgroup of A. Let us first consider the

following calculation for arbitrary elements a € ker 7 and b € A:

p(b)p(a) = (a)p(b) = p(ab) = p(ba) = ¢(b)e™(a),

hence ¢ (a) = p(a) for all a € ker and b € A. Tt follows that any a € ker 7 is either a
fixed element of ¢, or 7(b) = 1 modulo the length |O,| of the orbit of a for each b € A.

Using this observation, it was shown in [8] that in the case of abelian groups, a skew-
morphism ¢ preserves ker 7 setwise (the proof is based on computing the image under ¢
of the products of the form ¢(a)b in two different ways). Consequently, the restriction of
v to the group kerm < A is a group automorphism of ker w, as ¢(ab) = p(a)p(b) for each

a, b € kerm.

We proceed to investigate the value of the power function of a fixed element of a skew-

morphism. Suppose that a € A is fixed by ¢, i.e., ¢(a) = a. Then for any b € A we



CHAPTER 2. PROPERTIES OF SKEW-MORPHISMS 20

have
p(ab) = p(a)p™ @ (b) = a ™ (b)
and
p(ba) = p(b)¢™" (a) = p(b) a.
As A is abelian we have ab = ba, and thus, p(ab) = ¢(ba). It follows that ¢™@(b) = (b)
for each b € A, hence 7(a) = 1.

These results are summarized in the following lemma.

Lemma 3 ([8]) Let ¢ be a skew-morphism of an abelian group A with the power function

7. Then the following hold:
(i) The skew-morphism ¢ preserves ker w setwise, i.e., o(ker ) = ker 7,
(ii) The restriction of ¢ to kerm is a group automorphism of ker ;

(iii) For each a € A, the number m(a) is congruent to 1 modulo the length of every non-

trivial orbit of p on kerm;
(iv) If a € A is stabilized by ¢, i.e, p(a) = a, then w(a) = 1; in particular, T(14) = 1.

We proceed to illustrate an important property of skew-morphisms of abelian groups

on the following example.

EXAMPLE A permutation ¢ = (1,5,15,13,17,9,7,11,3) (2,8, 14) (4,16, 10) of a group
Z1s which appears on the list [7] is a skew-morphism of Z;g. The distribution of the values

of the power function on the orbits of ¢ is
8,5,2,8,5,2,8 5,2 [7,7,7] [4, 4, 4].

Thus the group ker m < Z;g consist of elements 0, 6 and 12 and is isomorphic to Zz. As all
elements of ker m are fixed by ¢, an automorphism of ker 7 induced by ¢ is the identity.
Note that the above notation holds complete information about the power function, since

the values of 7 for stabilized elements are 1 by Lemma 3 (iv).
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For us, the most important property is the periodic distribution of the power function
on the orbits of ¢ (with period 3 for the orbit Oy, and period 1 for orbits Oy and O,). We
proceed to specify the concept of a periodicity of power functions, which is relevant for all

skew-morphisms of abelian groups.

We will consider the concept of the periodicity (of the power function) in the follo-
wing sense. Let ¢ be a skew-morphism of an abelian group A with the power function
. We define the periodicity of an element a € A as the smallest positive integer p, such
that 7m(a) = m(¢P*(a)). We claim that the periodicities of two arbitrary elements a and b
belonging to the same orbit of ¢ are always the same, i.e., p, = p, for each a, b € O,.

First, observe that for any positive integer [ and any h € kerm and g € A we have

¢'(hg) = &' (h) ™M (g) = ¢ (R)¢' (9)

as
-1

w(l,h) = Zﬁ(gpi(h)) = i 1=1

i=0 i=0
Since 7(a) = 7(pP*(a)), elements a and ¢P*(a) belong to the same right coset of ker w by

Lemma 2 (ii). Therefore there exists h, € ker 7 such that ¢P*(a) = h,a. As a and b belong
to the same orbit we have b = ©*(a) for some positive integer k. Now consider the following

calculation:

= " (haa) = ¢* (ha)@"(a) =
= Spk(ha) b.
Note that ¢*(h,) € kerm by Lemma 3 (i), and thus, ©P<(b) and b belong to the same

right coset of ker 7. It follows that 7(b) = 7(¢P*(D)), hence p, < p,. On the other hand we

have 7(a) = 7(¢"(a)) and consequently p, < py. Combining both inequalities we obtain

Pa = Pb-

The above observation allows us to define the periodicity of an orbit O of ¢, denoted

by po, as the periodicity of any a € O. The periodicity of a skew-morphism ¢ denoted by
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Py, is defined to be the smallest positive integer such that 7(a) = 7(¢P#(a)) for all a € A,

or equivalently, as the least common multiple of periodicities of all orbits of .

Another important property of the periodicity states that periodicities of elements
a, b € A that belong to the same right coset are the same, i.e., if 7(a) = 7 (b), then p, = py.
To verify this, first note that there exists h, € kern such that b = hya, as 7(a) = w(b).

Thus for any positive integer k we have

©"(b) = ¢"(haa) = ¢"(ha) " (a).

As ¢*(h,) € ker we have 7(p"(a)) = w(¢*(b)) for any positive integer which proves our
claim. Moreover, if we take k = 1, we obtain 7(¢(a)) = 7(¢(b)), which means that for any
element a € A, the value of the power function at ¢(a) is uniquely determined by its value

at a.

The most important properties of the periodicity of skew-morphisms of abelian groups

are summarized in the following lemma.

Lemma 4 Let ¢ be a skew-morphism of an abelian group A with the power function .

Then the following hold:

(i) If a, b belong to the same orbit of v, then p, = py;

(ii) If m(a) = 7(b) for a, b€ A, then w(p(a)) = w(p(b)) and p, = py;
(iii) The periodicity p, equals 1 for each a € ker m;

(iv) The number p, divides both |O,| and |¢|;

(v) The values m(a) and w(©"(a)) are the same for some positive integer k if and only if

Pa | k;
(vi) The periodicity p, of a € A divides the number mw(pg,b) for each b € O,;

(vii) If a and b belong to the same orbit of ¢, then w(py,a) = w(pa,b) and w(jpa,b) =
J - m(pa,b) for any positive integer j;
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(viii) The periodicity pay, of the product of elements a, b € A divides the least common
multiple of periodicities of a and b, i.e., pap |lem(pg, py);

in particular, Dayay..ap |16 (Day, Pags - - - Pay) for ag, ..., ap € A.

Proof. The properties (i), (ii), (iv) follow directly from our previous calculations. The
property (iii) is a straightforward consequence of the fact that ¢ preserves ker 7. For the
proof of properties (v) and (vi) we refer the reader to [1]. The property (vii) follows from
(i) and definition of the periodicity. We proceed to prove the property (viii).

First observe that for any ¢ € A we have 7(c) = 7(p™<(c)) for any positive integer i,
and thus, p”<(c) = hc for some h € kerm. Let p = lem(py, py) and let k, and k;, denote

positive integers satisfying p = p,k, = ppks. Consider the following calculation:

P (ab) = P (a) " () =
= ptere(a) ' (b) =
= hlahgb = hlhgab,
for some positive integer ¢ and hy, ho € kerm. The first equation holds by Equation 2.2
and the third equation is a consequence of the above observation.

To prove the key second equation, note that 7(p,a) = 7(paka, a) = 7(pa,a)k, by (vii)
and 7(p,,a) = jp, for some positive integer j by (vi). Thus

7(p, a) = 7(Pa, @) ka = jPaka = jp = jkopy = iDp

for a positive integer i = jk,.
Hence ¢P(ab) and ab belong to the same right coset of ker 7, and thus, p, |p by the

property (v). The second part of (viii) can be easily obtained by induction. O

2.6 Subclasses of skew-morphisms

In this section we present t-balanced and coset-preserving skew-morphisms, two important

subclasses of skew-morphisms. Both of them plays an important role as fundamental tools
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for studying and constructing skew-morphisms of abelian groups (see Section 3.2). The
concept of t-balanced skew-morphisms arisen in the context of ¢-balanced Cayley maps,
which is a natural generalization of the previously studied notions of balanced and anti-
balanced Cayley maps introduced in [20]. The concept of coset-preserving skew-morphisms

is a generalization of t-balanced skew-morphisms and was introduced in [1].

2.6.1 t-balanced skew-morphisms

The following definition of a ¢-balanced regular Cayley map can be found in, e.g., [8]. Let
M = CM(G,X,p) be a regular Cayley map with an associated skew-morphism ¢ and
the power function 7. We will say that the map M is t-balanced, for t # 1 (mod |X]), if
m(x) =t for each z € X.

Consequently, a t-balanced skew-morphism was defined as a skew-morphism associa-
ted to some t-balanced regular Cayley map. The power function 7 of a t-balanced skew-
morphism ¢ admits only two values, namely 1 and ¢, and the set ker 7 is preserved by ¢
(see [8]). A complete classification of t-balanced regular Cayley maps for the class of cyclic

groups through sets of admissible parameters was presented in [17].

We will use a slightly different definition of a ¢-balanced skew-morphism that no longer

requires the existence of a generating orbit that is closed under taking inverses.

Definition 6 Let ¢ be a skew-morphism of a group G with the power function w. We will
say that o is t-balanced for a positive integer t # 1 if the power function m admits exactly

two values 1 and t and if p preserves ker m setwise.

Note that the above definition extends the original definition introduced for regular Ca-
yley maps, as the power function 7 of a skew-morphism ¢ associated to a t-balanced regular
Cayley map always admits exactly two distinct values 1 and ¢ and the skew-morphism ¢
preserves ker . Also note that a group automorphism is not a ¢-balanced skew-morphism,
as the power function of an automorphism admits only value 1. We proceed to introduce

some properties of t-balanced skew-morphisms.
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Let ¢ be a t-balanced skew-morphism of a group G with the power function m. First
observe that the index of the subgroup ker 7 in G is [G : kern] = 2 as 7w admits exactly
two values. Since the set 771(t) = {g € G | 7(g) = ¢} is the complement of the set ker T,
which is preserved by ¢, it is preserved by ¢ as well. Thus for each g, h € G that belong
to the same orbit of ¢ we have w(g) = 7(h).

Applying this observation we obtain

w(k,g) = m(g) + m(e(9)) + - + ("' (9)) = kn(g)

for each positive integer k and g € G. Let g be an element of G such that 7(g) = t, i.e.,
g ¢ kerm. Suppose that g and g2 are in the same coset of ker . Then g?> = gh for some
h € kerm, hence g = h, a contradiction. It follows that g € ker, and thus, 7(g%) = 1.

Now by Lemma 1 (iv) we obtain
1=7(g9) = 7(n(9),9) = 7(g)m(g) = t* (mod |g]).

Summing up we have proved that known basic properties of t-balanced skew-morphisms
associated with regular Cayley maps holds also in the case of our more general definition

of a t-balanced skew-morphism.

Lemma 5 Let ¢ be a t-balanced skew-morphism of a group G, i.e., m admits exactly two

distinct values 1 and t and ker 7 is preserved by . Then the following hold:
(i) [G : kern] = 2; in particular, G is of an even order;
(ii) m(g) = w(h) for each g, h € G that belong to the same orbit of ;

(iii) > =1 (mod |¢p|).

We conclude this subsection with the following lemma which states an interesting suf-

ficient condition for a skew-morphism to be t-balanced.

Lemma 6 Let ¢ be a skew-morphism of a group G with the power function © such that ¢
preserves kerw. Let X C G be a set closed under taking inverses that generates G with the

property m(x) =t for each x € X. Then the following hold:



CHAPTER 2. PROPERTIES OF SKEW-MORPHISMS 26
(i) Ift =1, then ¢ is an automorphism of G;
(ii) Ift # 1, then ¢ is a t-balanced skew-morphism of G.

Proof. Let k be a positive integer and let Sy denote the set of all elements of G that can
be written as a product of exactly k elements of X, i.e., g € Si if and only if g = zy25 . .. x4

for some z1, ..., xp € G. Since X generates (G, there exists a positive integer N such that

N
G=Js.
1=1

Suppose that ¢ # 1. We claim that the value of the power function 7 is ¢ for all elements in
Sor_1 and 1 for all elements in Sy for any positive integer k. It clearly holds for the set Sy
as it equals X. For any g € Sy we have g = 125 = xl(mgl)_l for some z1, x5 € X. Note
that x,' € X as X is symmetric, thus 7(z,) = 7(x5 '), or equivalently, x; and 25" belong
to the same right coset of ker 7. It follows that ¢ = z1(2;")~' € ker m, hence 7(g) = 1 for
each g € S3. We proceed by induction on the index 7 of S;. Let our claim hold for each
0 <7 < n. We consider two cases:

If n = 2k — 1 for some positive integer k, then h € ker 7w for each h € S,_1 = Sor—1).
For each g € S,, we have g = z; ...z, for some z, ..., z, € S, thus each element g € S,
can be written in the form g = ha for some z € S; and h € S,,_; C ker 7 (e.g., we can take
h=uz...2,.1 and z = z,,). Elements g and z belong to the same right coset of kerr, as
gr~t = hxx™' = h € ker 7. Thus 7(g) =t for each g € So;_;.

If n = 2k for some positive integer k, then for each g € S,, there exists h € S,,_; and
x € Sy such that g = he = h(z™')"'. As 2! € S; and h € Sy;_1, we have w(h) = w(z7!) =

t, and hence g = h(z™')~! € ker 7. Thus 7(g) = 1 for each g € So.

We proved that the elements of the sets .S, admit only two values of the power function,
namely 1 and t. Thus all elements of G admit only two values of the power function.
Moreover, ¢ is not an automorphism, as elements of X # () (generating set is always
non-empty) are not in ker 7. Thus, we have proved (ii).

The same proof works for (i), as we did not use the fact ¢t # 1 in the proof that the

power function admits only values t and 1. Hence, in the case t = 1, the value of the power
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function of ¢ equals 1 for all elements in G' and ¢ is a group automorphism. O

Note that in the case of skew-morphisms of abelian groups, we can leave out the as-
sumption that ¢ preserves ker 7, as it is always true by Lemma 3 (i). However, in general
case we can not leave out this assumption, since there exists skew-morphisms of non-abelian
groups which admits exactly two power function values but does not preserve the kernel

of their power function, and thus, they are not ¢-balanced (see [2]| for example).

2.6.2 Coset-preserving skew-morphisms

We proceed to introduce a class of skew-morphisms that, like the t-balanced skew-morphisms,
preserve all cosets of ker 7, but do not restrict the number of distinct values of the power
function 7. The following definition coincides with the definition of skew-morphisms with

the constant orbit power function in [1], the only difference being in the name.

Definition 7 Let ¢ be a skew-morphism of a group G with the power function . We will
say that ¢ is coset-preserving if it preserve all cosets of ker w, that is, w(g) = w(h) for any

two elements g, h € G that belong to the same orbit of v.

Note that the concept of coset-preserving skew-morphisms includes both the group
automorphisms and the ¢-balanced skew-morphisms. On the other hand, not every skew-
morphism is coset-preserving, as we have seen in the example in Section 2.5. In Table
2.1 we present the number of all skew-morphisms, the number of coset-preserving skew-
morphisms, the number of ¢-balanced skew-morhpisms and the number of automorphisms
for cyclic groups Z,, up to the order 30 (taking advantage of the list [7]). The omitted

groups have the property that all of their skew-morphisms are group automorphisms.

In view of the periodicity of a skew-morphism (introduced in Section 2.5), coset-
preserving skew-morphisms constitute the most trivial class of skew-morphisms with the

periodicity 1.
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The order n | |[Skew Z,| | |CP Skew Z,| | |t-bal Z,| | |Auto Z,|
6 4 4 2 2
8 6 6 2 4
9 10 6 0 6
10 8 8 4 4
12 8 8 4 4
14 12 12 6 6
16 20 20 12 8
18 30 14 8 6
20 24 24 8 8
21 24 24 0 12
22 20 20 10 10
24 24 24 16 8
25 68 20 0 20
26 24 24 12 12
27 85 30 0 18
28 24 24 12 12
30 32 32 24 8

Tab. 2.1: The distribution of skew-morphisms for small cyclic groups

In the last lemma of this section we present another useful property of the power

function for the class of coset-preserving skew-morphisms.

Lemma 7 Let ¢ be a non-trivial coset-preserving skew-morphism of an abelian group A
with the power function w. Then 7 is a homomorphism from A into the multiplicative group

Z*

|

Proof. This result follows straightforward from Lemma 1 (iv) as

m(ab) = w(mw(a),b) = w(a)m(b) (mod |pl|)
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for each a, b € A. O

2.7 Powers of skew-morphisms

Every automorphism ¢ of a group G satisfies the property that for any positive integer k,
the permutation ¢* is an automorphism of G as well. The following example shows that,

in general, this property does not hold for skew-morphisms.

EXAMPLE A permutation ¢ = (1,2,7,5,4,8) (3,6) of a group Zg is a skew-morphism of

Zo (see |7]) with the distribution of the values of the power function on the orbits of ¢
3, 5,3, 5,3, 5 [L, 1].

We will investigate whether the permutation p* = (1,5) (2,4) (7,8) (3, 6) is a skew-morphism
of Zg as well. Let us suppose that ¢® = 7 is a skew-morphism of Zg with the power function

7. It follows that
7(gh) = 7(9)7" 9 (h) = ¥*(9)¢*™ ()
for each g, h € Zg. On the other hand we have

7(gh) = ¢*(gh) = ©*(9)™ 9 (h)

for each g, h € Zg by Equation 2.2. Hence for any g € Zy we have ©*79) (h) = ©™39)(h) for
each h € Zg, thus

37(g) = 7(3,9) (mod |¢]).

For ¢ = 1 we obtain the congruence
37(1) =11 (mod 6),

which does not have a solution, and thus, ™ does not exist. Concluding, we have shown

that ¢ is not a skew-morphism of Zg.
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We proceed to define the power of a skew-morphism. Let ¢ be a skew-morphism and let
k be a positive integer. We call the permutation * the k-th power of the skew-morphism
©. In this section and Sections 3.1 and 3.2 we study powers of skew-morphisms which are

skew-morphisms as well.

Generalizing observations from the above example we obtain the following lemma that

characterize positive integers k such that ¢* is also a skew-morphism.

Lemma 8 ([1]) Let ¢ be a skew-morphism of a group G with the power function © and

let k be a positive integer. Then ©* is a skew-morphism of G if and only if the congruence
k-xg=m(k,g) (mod |g|)

has a solution x, for each g € G.
Moreover, if ©* is a skew-morphism of G with the power function T, then for each g € G

the solution x, is unique modulo |¢*| and the value of T at g can be computed by

= k
(g) =y (mod |©"]) .
Note that solutions x, are not necessarily unique modulo ||, but they are unique modulo
|0F].
A straightforward consequence of the above lemma is the fact that any power of a

t-balanced skew-morphism ¢ of G is a skew-morphism of G, as w(k,g) = k - m(g) for each

positive integer k and any g € GG, and thus, the congruence
k-xg=m(k,g) =k-m(g) (mod |¢])

has a solution for each g € G. The values of the power function 7 of the resulting skew-
morphism ¢* will be 7(g) = 1, if 7(g) = 1 or T(g) = (¢ (mod |¢*|)), if 7(g) = ¢. Thus,
the resulting power ¢F is either a group automorphism or a t-balanced skew-morphism,

depending on whether ¢ =1 (mod |¢*]) or not.

Using similar methods it is easy to verify that any power of a coset-preserving skew-
morphism of a group G is a coset-preserving skew-morphism of G as well. Summing up we

obtain the following lemma.
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Lemma 9 ([1]) Let Sym G be a group of all permutations of a group G and let A, B and
C denote the subsets of Sym G consisting of all automorphisms, t-balanced skew-morphisms

and coset-preserving skew-morphisms, respectively. Then the following hold:

(i) The set A C SymG is closed under taking powers, i.e., if T € A, then ™% € A for

any positive integer k;
(ii) The set AU B C SymG is closed under taking powers;

(iii) The set C C SymG is closed under taking powers.

The following lemma, which is an easy consequence of Lemma 8, states that in the
study of powers of skew-morphisms that are skew-morphisms as well, it is sufficient, in a

sense, to study only those exponents of powers that divide the order of a skew-morphism.

Lemma 10 ([1]) Let ¢ be a skew-morphism of a group G, and let k be a positive integer.
Then ©* is a skew-morphism if and only if ©I¥%) is a skew-morphism, where (||, k)
denotes the greatest common divisor of numbers || and k.

In particular, if |@| and k are relatively prime, then ©* is a skew-morphism and |¢*| = |¢|.



Chapter 3

Skew-morphisms of abelian groups

In this chapter, we investigate the nature of skew-morphisms for abelian and, in particular,
cyclic groups using results presented in Sections 2.5 and 2.7. A main theorem regarding
powers of skew-morphisms of abelian groups is presented and proved in Section 3.1 (the
weaker form of the theorem was introduced in [1]). Section 3.2 is devoted to the most
important consequences of the theorem from the first section. A complete classification of

coset-preserving skew-morphisms for cyclic groups is introduced in Section 3.3.

3.1 Main theorem regarding powers for abelian groups

The following theorem states an important property of the periodicity of skew-morphisms

of abelian groups.

Theorem 6 Let ¢ be a skew-morphism of an abelian group A with the power function m
and the peridocity p = p,. Then a permutation ¢P is a coset-preserving skew-morphism of
A.

Furthermore, if a and b belong to the same orbit of ¢ and T is the power function of ©P,

then 7(a) = 7(b).

Proof. Let us first prove that ¢P is a skew-morphism of A. For an arbitrary element

a € A we have p,k, = p for some positive integer k,, as p is the least common multiple of

32
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periodicities of all orbits of ¢ and the periodicity of a equals the periodicity of its orbit. By
Lemma 4 (vi), (vii) we have p, | 7(pa,a) and 7(p,a) = 7(paka, @) = kam(pa,a). It follows

that p|7(p,a) for each a € A. Hence the congruence

p-ra =7(p,a) (mod |ol)

has a solution x, for each a € A, thus ¢” is a skew-morphism of A by Lemma 8.

We proceed to show that a skew-morphism ¢P with the power function 7 is coset-
preserving. Let a, b € A be two arbitrary elements that belong to the same orbit of P.
Clearly, a and b also belong to the same orbit of ¢, and thus, p, = p, and 7(p,, a) = 7(pq, b)
by Lemma 4 (vii). Hence p = p,k = pyk for some positive integer k and 7(py, a) = 7(p,, b) =

7(pp, b). Considering the following calculation

m(p,a) = m(p.k,a) = km(pg,a) = km(py, b) = w(ppk, a) = w(p,b),

we obtain 7(p,a) = 7(p,b) for each a, b € A that belong to the same orbit of ¢”.

It follows easily that numbers x, and x;, are solutions of the same equation

p-x=m(p,a) (mod |g]),

thus
(a) = (zo (mod [¢"])) = (z; (mod |¢P])) =7(b)

3

for each pair a, b € A that belong to the same orbit of ¢P, that is, ©? is a coset-preserving
skew-morphism of A.
Note that we have actually proved that 7(a) = 7(b) for any a and b belonging to the

same orbit of ¢, which proves the second part of the theorem. O

Recall that a skew-morphism is coset-preserving if and only if p, = 1. Thus, for an
arbitrary non-trivial coset-preserving skew-morphism ¢, its p,-th power is a non-trivial
coset-preserving skew-morphism as ¢P» = . However, general skew-morphisms of abelian

groups do not have to have the property that ¢P¢ is non-trivial. A skew-morphism ¢ may
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contain orbits of relatively prime periodicities, which in turn may cause p, become too big,

and therefore ¢P» may turn out to be trivial.

Our next goal is to find additional assumptions under which we can prove that ¢P¢ is a
non-trivial coset-preserving skew-morphism. The answer presented in the following section

states that it is sufficient for a skew-morphism to have a generating orbit.

3.2 Corollaries of the main theorem

In this section we present some important consequences of Theorem 6. As mentioned before,
our first goal is to prove that the p,-th power of a skew-morphism ¢ with a generating

orbit is always non-trivial.

Assume that a non-trivial skew-morphism ¢ of an abelian group A has a generating orbit
|O|. Tt has been shown in [14] that the order of a skew-morphism ¢ with a generating orbit
O is necessarily equal to the size of O, i.e., |p| = |O]. As the periodicities of all elements
in O are the same, namely po, and every element a € A can be written as a product of
the finite number of elements in O, we obtain p, | po for each a € A by Lemma 4 (viii). It
follows that p, = po.

In the previous section we already mentioned that in the case of coset-preserving skew-
morphisms is the power ¢P¢ non-trivial. Hence, suppose that p, = po > 1. Note that
elements in O admit at most |p| — 1 = |O] — 1 distinct values, namely 1,2, ..., |p| — 1
by Lemma 1 (ii). It follows that at least two elements in O are assigned the same power
function value, and hence the periodicity of O does not equal the size of O. Concluding,
the coset-preserving skew-morphism ¢P¢ is non-trivial as p, = po < |O| = |¢|.

Combining this observation with Theorem 6 we obtain the following theorem.

Theorem 7 Let ¢ be a non-trivial skew-morphism of an abelian group A with a generating

orbit O. Then p, = po and @P* is a non-trivial coset-preserving skew-morphism of A.

The following result is a straightforward consequence of the above theorem and the
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observation that any skew-morphism of a cyclic group Z, = (Z,,+) has at least one

generating orbit, e.g., the orbit containing a generator of Z,.

Theorem 8 Let ¢ be a non-trivial skew-morphism of a cyclic group Z,. Then p, = p, for

any generator g of Z,, and pP¢ is a non-trivial coset-preserving skew-morphism of Z,,.

We conclude this section with the most important consequence of Theorem 6, which
states that all non-trivial skew-morphisms of abelian groups that give rise to regular Cayley
maps have a non-trivial power that is either a t-balanced skew-morphism or an automorp-

hism.

Theorem 9 Let ¢ be a non-trivial skew-morphism of an abelian group A that give rises to
a Cayley map, i.e., a skew-morphism with a generating orbit closed under inverses. Then
©Pe is either a non-trivial automorphism of A or a non-trivial t-balanced skew-morphism
of A.

In the case when A is of odd order, ©P¢ is necessarily a group automorphism of A.

Proof. Let O be a generating orbit closed under inverses and let X denote the set of
elements of O. Then ¢P¢ is a non-trivial coset-preserving skew-morphism of A by Theorem
7. Let us denote the power function of ¢P# by 7. Then by the second part of Theorem 6 we
have 7(a) = 7(b) for each a, b € O. Thus the value of 7 is the same at all elements of X.
Moreover, the set X is generating and closed under inverses. Since each skew-morphism of
an abelian group preserves the kernel of its power function, it follows that ¢P¢ is either an
automorphism of A or a t-balanced skew-morphism of A by Lemma 6, which proves the
first part of the theorem.

The second part follows from the fact that groups of odd order do not admit ¢-balanced

skew-morphisms by Lemma 5 (i). O
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3.3 Coset-preserving skew-morphisms for cyclic groups

As we have shown in the previous section, all skew-morphisms of cyclic groups have powers
that are non-trivial coset-preserving skew-morphisms. Thus a classification of all coset-
preserving skew-morphism of cyclic groups presented in this section is a significant step
toward the classification of all skew-morphisms of cyclic groups (a very indirect classifica-
tion of skew-morphisms of cyclic groups that give rise to regular Cayley maps can be found
in [10]). This classification also generalizes a classification of the ¢-balanced regular Cayley
maps of cyclic groups introduced in [17], as coset-preserving skew-morphisms constitute
a much wider class than the ¢-balanced skew-morphisms that give rise to regular Cayley

maps.

The key to the classification of coset-preserving skew-morphisms of cyclic groups lies
in finding necessary and sufficient sets of parameters that uniquely determine such skew-
morphisms. In Subsection 3.3.1 we introduce determining parameters for coset-preserving
skew-morphisms of cyclic groups. In Subsection 3.3.2 we build a permutation for the gi-
ven set of parameters and in Subsection 3.3.3 we prove that this permutation is a coset-

preserving skew-morphism with the corresponding set of parameters.

3.3.1 Parameters of coset-preserving skew-morphisms

Let ¢ be a non-trivial coset-preserving skew-morphism of a cyclic group G. Throughout
this section, we will use the following notation. The equation a = b means that a and b are
equal as integers. We will understand the congruence a = b without a specified modulus
as congruence modulo |G|. In all other cases we specify the modulus. We will denote the

size of ker m by d. We proceed to define five parameters of .

The first parameter n of ¢ is the order of G, i.e., ¢ is a skew-morphism of G = Z,.
Note that n is a positive integer.
The second parameter k of ¢ is the smallest non-zero element of ker 7. It was shown

in [9] that the kernel of skew-morphisms of finite groups is always non-trivial, hence, k
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is well defined. As all subgroups of Z, are generated by their smallest elements, we have
ker m = (k), and thus, & |n.

The third parameter h of ¢ is the difference of elements ¢(1) and 1 modulo |G| = n,
i.e., we have h = (1) — 1, or equivalently, ©(1) = 1 + h. As ¢ is non-trivial and the
orbit of 1 is generating, we have |O;| = |p| > 1, thus h # 0. Moreover, h € ker7 as ¢ is
coset-preserving, and thus, h € {k, 2k, ..., (d — 1)k} (recall that d = |ker 7|).

The fourth parameter s of ¢ is the smallest positive integer satisfying ¢(k) = s- k. Note
that this congruence always has a solution, since ¢(k) € kerm = {0, k, 2k, ..., (d — 1)k}.
Recall that the restriction of ¢ to ker 7 is a group automorphism. As |ker 7| = d, we have
(d,s) =1 and p(b) = s- b for each b € ker .

The fifth parameter e of ¢ is the value of the power function at 1. Note that

m(a) =7(1)* = e* (mod |¢|)

for each a € Z,, by Lemma 7. As k is the smallest element of ker 7, the values e!, €2, ..., e*

are distinct modulo |p| and e* = 1 (mod |p|). Thus the order of e in the multiplicative

*

ol equals k.

group Z

We proceed to show that ¢ is completely determined by its five parameters (n; k, h, s, €).
By Equation 2.2 we have

pla)=p(l+(a-1))=¢(1)+¢(a—-1) =

= (1) +¢* (14 (a—2)) = (1) + ¢°(1) + 9" V(@ = 2) = p(1) + ¢*(1) + ¢ (a - 2).
for each a € Z,. By an induction argument on a, we obtain
o(a) = p(1) + ¢ (1) + ¢ (1) - + ¢ (1), for each a € 2, (3.1)

as

(e, 1) = m(1) + 7)) + -+ 7" (1) =€ e =™ (mod [g]).

Thus ¢(a) is uniquely determined for any a € Z,, by the orbit O; of 1 and the parameter

e. We proceed to show that O is uniquely determined by the parameters h and s.
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We claim that the following equation holds
©'(1) =1+ s°h+s'h+---+ s h, for each positive integer i. (3.2)

It clearly holds for ¢« = 1 by the definition of h. We proceed by induction: Let Equation 3.2
hold for all ¢« < N. Then

gpN(l) = gp(cpN_l(l)) =1+ Sh+sth+- + sN_2h) =

o((s®h+s'h+ -+ 5" 2h) + 1) = (s"h + sth+ -+ sV 2h) + (1) =

ssh+s?h+--+s"Th+1+n

proves our claim, where the key equations w(s°h + s*h + -+ + s¥72h) = 1 and (s°h +
sth+ -+ sV2h) = s (s + s*h + -+ + s¥72h) holds as (s°h + sth + -+ + sV 72h)
belongs to kerm. As |¢| = |Oy], the order of ¢ is the smallest positive integer  such that
1=1+sh+s'h+---+ s h.

We will call a five-tuple of parameters (n; k, h, s, e) of a coset-preserving skew-morphism
© the parameter set of ¢ denoted by Par ¢. It follows directly from the definition of the
parameter set that two non-trivial coset-preserving skew-morphisms of cyclic groups with
different parameter sets are not equal, as two coset-preserving skew-morphisms ¢ and @ of
cyclic groups with different parameter sets are either associated with different groups, or
have different kernels ker 7 and ker 7, or have different values ¢(1) and B(1), or have diffe-
rent values at elements of ker 7 and ker 7, or have different values of their power functions
at 1, respectively (depending on which of the five parameters (n; k, h, s, e) they differ).
On the other hand, two non-trivial coset-preserving skew-morphisms ¢ and ¢ of cyclic
groups with the same parameter sets are equal, as they are uniquely determined by their

parameters (see Equations 3.1 and 3.2).
Summing up these observations, we obtain the following theorem.

Theorem 10 Let ¢ and v be non-trivial coset-preserving skew-morphisms of cyclic groups

with the parameter sets Par ¢ and Part. Then o = 1 if and only if Par ¢ = Par.
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In the following lemma we present all the properties of parameter sets of coset-preserving

skew-morphisms of cyclic groups that we will need in the future subsections.

Theorem 11 Let ¢ be a non-trivial coset-preserving skew-morphism of a cyclic group with

the parameter set Par p = (n; k, h, s, e). Then the following hold:
(1) All five parameters are positive integers;
(2) The parameter k divides n and k < n;
(3) Let d= 3. Then s < d and (s,d) = 1;
(4) The parameter h belongs to the set {k, 2k, ..., (d — 1)k};

(5) Let r denote the smallest positive integer such that 1 =1+ sh+ sth+ -+ s"1h.
Then e < r and the order of e in Z* equals k, in particular, e¥ =1 (mod r);
k=1 )
6) s-k=> (1+sh+ - +s71);
i=0

(7) s 1=1 (mod d).

Proof. The properties (1), (2), (3), (4) and (5) follows directly from the definitions of
the parameters and the above discussion. The congruence in (6) holds, since p(k) = sk by

the definitions of s and k, while on the other hand,

o(k) =Y (14 h+- 45"

i

N
—

Il
o

by Equations 3.1 and 3.2.

To prove (7) consider the following calculation:
pk) + (1) =k +1) = o(1+k) = (1) + (k).

Thus ¢(k) = ¢°(k), and hence sk = s°k. Since n = kd, it follows s = s (mod d), or
equivalently, 1 = s"! (mod d) as (s,d) =1 by (3). O
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3.3.2 Building a map 7 for a given parameter set

Our next goal is to show that given a five-tuple of parameters satisfying conditions of The-
orem 11, we can construct a coset-preserving skew-morphism of a cyclic group with these
parameters. In this subsection we employ Equations 3.1 and 3.2 to define a permutation
of a cyclic group.

We will say that parameters (n; k, h, s, €) are admissible, if they satisfy all conditions
of Theorem 11. We will refer to them as Conditions (1) to (7).

Let d = 7 and let r be the smallest positive integer such that
1=1+sh+s'h+---+5h

Note that so far we have no assurance that such an r exists.
We proceed to define a permutation 7 of a group Z,. Instead of @ = b (mod n) we will
write simply a = b as |Z,| = n. We will define 7 : Z,, — Z,, in two steps: First let 7(0) = 0

and let
(1) =1+ s°h + s'h 4+ --- + s 'h, for each positive integer i. (3.3)
The above formula (and also the number r) is well-defined by the following lemma.

Lemma 11 Let (n; k, h, s, €) be a set of admissible parameters. Then the following hold:
(i) The sum 1+ s°h + s'h+---+ s h is non-zero modulo n for each positive integer i;

(ii) The number r is well defined, i.e., there exists a positive integer i such that 1 =
14+ s +sth+ -+ s 1h;
(iii) Values 1+ s°h+ s'h+ -+ -+ s"'h and 1 + s°h + s'h + - - - + '~ 'h are equal modulo

n if and only if i = j (mod r).

Proof. Note that 1 + s°h + s'h+---+ s""'h =1 (mod k) as k|h by Condition (4).

The property (i) follows as k| n.
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Recall that n = dk and that (d, s) = 1. Now suppose that 1 # 1+ s°h+s'h+---+s71h
for each positive integer i. Since the number of integers modulo n is finite, there must exists

two positive integers ¢ < j such that
1+s8h+s'h+- +sTh=1+"h+s'h+ -+ s h.
By subtracting the left side of the congruence from both sides we obtain
0=sh+ s Th=s(s"h+s'h+---+s7h).

As k| h, we have k | sh+ s*h+ - -+ s7771h. Tt follows that sh+ s*h+-- -+ 777 1h = [k
for some positive integer [;. Thus lon = s'l;k for some positive integers [; and [, by the
above congruence. Dividing both sides by &k we obtain lyd = s'l;. Since (d, s) = (d, s*) = 1,
we have d | [}, and thus, n = dk divides 1k = sh+s'h+---+s7""1h and congruence from
the property (ii) has a positive solution j — i. Hence there exists the smallest solution 7.

Now observe that all values 1+5°h, 1+s°h+sth, ..., 1+s°h+sth+---+s""'h =1 are
distinct modulo n, as the congruence 1+s°h+s'h+---+s7th = 1+5°h+s'h+- - -+s'~'h for
some 0 < i < j < r would be contrary to the minimality of 7, as 14+s°h+s'h+4- - -+s/ 7" 1h =
1 by the proof of the property (ii) and j —i < r. Now, to prove (iii), it is sufficient to show
that 1 +s°h +s'h+-- -+ s'Th=1+s"h+ s'h+--- + s77h for each ¢ and j such that
7 =r+ . This clearly holds, as

14+5°h+s'h+- -+ Th—(1+ s"h+ s'h+ -+ -+ s 'h) = §'(14+5°h+s"h+---+s"""h) = 0.

O

Let Y ={0, 1, 7(1), ..., 7771(1)}. We proceed to define 7 for all elements of Z, \ Y:

a—1

m(a)=7(1) +7(1) + 7 (1) 4+ -+ 7 (1), for each a € Z, \ Y. (3.4)

Thus we have a well-defined map 7 : Z, — Z,. In the following lemma we present

several important properties of 7.
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Lemma 12 Let (n; k, h, s, €) be a set of admissible parameters, and let T, r and d be

defined as above. Then the following hold:
(i) 7(1) =1;
(i) 7(1) = 77(1) of and only if i = j (mod r);
(iii) 7(a) = a (mod k) for each a € Zy;
(iv) 7" (1) = 7(1) for each positive integer I;
(v) 7(lk) = s - Ik for any positive integer I;
(vi) 7(lk) = 7 (k) for any positive integers | and i;

(vil) 7(1) +79(1) + 77 (1) + -+ 7 (1) = 7(1) + (1) + 7 (L) + -+ 7 (1) for each

pair of positive integers congruent modulo n;
(vii)) 7(r1(1)) = 7(1) + 79(1) + 7 (1) + - - - + 7_6#(1)_1(1) for each positive integer i;
(ix) 7(a + k) = 7(a) + s - Ik for any non-negative integer a and any positive integer l.

Proof. The properties (i) and (ii) follow immediately from Lemma 11. To prove the
property (iii), first note that it holds for all elements of Y as 7/(1) = 1 (mod k) for each
positive integer ¢ by Formula 3.3. Thus for a ¢ Y we have

ra)=r()+ 7))+ 7D 4+ +7 (1) =1+---+1=a (mod k)
by Formula 3.4. The property (iv) is a straightforward consequence of Condition (5) and
the property (i), as e* = (¢¥)! =1 (mod r), and hence 7¢" (1) = 7(1).

We proceed to prove the property (v). First observe that for any positive integer | we

have [k ¢ Y \ {0} and the claim clearly holds for ik = 0, thus

6lk—l

T(lk) = 7(1) + (1) + 77 (1) -+ 7 (1),

By the property (iv) we obtain

T(Ik) =1 (T(1) + 7°(1) + 7 (1) + -+ 7 (1)).
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Since s-k = 7(1) +7(1) +7¢°(1) +--- + 7 (1) by Condition (6), we have 7(lk) = s - Ik.
For any positive integer i is 7°(lk) = 0 (mod k) by the property (iii). Thus, by the

property (v), we have 7'(lk) = s'lk for any positive integer 7. Also recall that ¢!

1 (mod d) by Condition (7). It follows that s¢~! = 1 (mod d) for any positive integer i as
e—1|e —1. Thus s = s 's = s (mod d), or equivalently, for any positive integer we

have s¢' = s + jd for some integer 7. Summing up we obtain
(k)= sk = (s+jd) - lk=s-lk+ jdlk=s-lk

which proves (vi).
To prove (vii) suppose without loss of generality that a < b (i.e., b = a + In for some

non-negative integer /) and consider the following calculation:

T(1) +7°(1) + 7 (1) + -+ (D)

(F) + 74 @) 4 7T W) + (P T ) T ()
(

= 7(in) + (7°(1) + 7 (1) + 777 (1)) = 7(0) + 7(a) = 7(0)
where the key equality 7¢" (1) +7¢"" (1) + -+ 7" (D) = 7" (1) + 79 (1) - -+ 771 (1)
holds by (iv). Note that this property yields that in Formula 3.4 we can represent an
element a € Z, by all non-negative integers in the residue class (a) (mod n). Thus, in
what follows, we do not need to verify if a < n when computing 7 of the corresponding

element of ¢ in Z,,.

We proceed to prove the property (viii) by induction on . It clearly holds for ¢ = 0 as
7(7°(1)) = 7(1). Now suppose that

) =7+ 7)) +7 1) 44T

for all i < j. Then applying properties (iv) and (v) we obtain

It +sOht shth
‘ (1)

T(1) + Q) + 7 (1) 4T

— 7_<7_j_2(1)) 4 (Tesj*2h+...+soh+sh+h+1(1) L. 7_esjfl,L+..._FSO,,/JrSthh(1)>
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1

=7/71(1)) + <7'e (1) + - 'Tesjilh(l)) =

=7 ) +7(sh) =1+ h+sh+-+Th+sh=7(1),

which proves our claim. Thus (viii) holds.

Finally, the property (ix) follows directly by properties (iv) and (v) as

rla+ k) =7(1k)+ 7" (1) + 7" (D) + -+ W) = s Uk + 7(a).

Note that Formula 3.4 is relevant for all non-zero elements of Z,, by the property (vi) of
the above lemma. The remaining task of this subsection is to show that 7 is a bijection. As
Z,, is finite, it is sufficient to show that 7 is an injection. Note that each element a of Z,, can
be written uniquely as a = a+1,-k wherea € {0, 1, ..., k—1}and {, € {0, 1, ..., d—1}.
Now suppose that 7(a) = 7(b) for some a, b € Z,,. Then by Lemma 12 (ix) we have

7(a) = 7(b)
7@+ I.k) = 7(b + k)

7(@) + sl.k = 7(b) + slpk.

It follows 7(@) = 7(b) (mod k), and thus, @ = b (mod k) by Lemma 12 (iii). Since @, b €
{0,1,..., k— 1}, we obtain @ = b.
Hence s - l,k = s -k, or equivalently, sk(l, — 1) = 0. As n = kd, (d,s) = 1 and
la, b € {0, 1, ..., d— 1}, it follows that I, — [, =0 (mod d), and thus, [, = I.
Concluding, we have shown 7(a) = 7(b) only if a = @+ 1, = b+ 1, = b, thus 7 is

permutation of Z,.

3.3.3 Proof that 7 is a coset-preserving skew-morphism

In the previous section we have shown that the map 7 defined for an admissible set of

parameters (i.e., parameters satisfying the conditions of Theorem 11) by Formulas 3.3
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and 3.4 is a well defined identity-preserving permutation of Z,, which satisfies all the
properties of Lemma 12. In this section, we proceed to show that 7 defined by parameters
(n; k, h, s, e) is a coset-preserving skew-morphism of Z, with the parameter set Parr =
(n; k, h, s, e).

To prove that 7 is a skew-morphism, for each a € Z,, we must find a positive integer 7,
such that

7(a+b) = 7(a) + 7(b),

for all b € Z,,. We will show that the above equation holds for i, = e(® (m°d %)) and each

b € Z,. We use the following lemma that states that it is sufficient to verify our claim only

forae{0,1,...,k—1}and be {0, 1, ..., k—1}.

Lemma 13 Leta, b€ {0, 1, ..., k— 1} and let
7(a +b) = 7(a) + 7 (b).

Then the following hold for each @, b € Z,, such that a =a (mod k) and b =0 (mod k):
T(@+b) = 7(a) + 7 (b).

Proof. Asa=a d k) and b =b (mod k), there exist Iy, € {0, 1, ..., d—1} such

(mo
b=

that @ = a + [1k and a + l1k. Thus to prove our claim we must verify that

(a4 Lk + b+ k) = 7(a+ 11k) + 7 (b + k). (3.5)
Applying Lemma 12 (ix), (v) and (vi) on the left side of Equation 3.5 we obtain

T(a+l1k+b+lgk)57'a+b+ llli}‘f—lgk)

(
T(a+b)+s-Lik+s-lk=

=7(a) + 7% (b) + 7(Lik) + 7(I2k) =

= 7(a) + 7(lik) + 7 (b) + 7 (Ik).
On the other hand, by repeated application of Lemma 12 (ix) on the right side of Equation

3.5, we obtain

T(a+1Lk)+7(b+ k) = 7(a) + T(Lk) + 7 (b) + 5 - Iok = 7(a) + 7(L k) + 7 (b) + 7 (I2k)
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which proves our claim. O

We proceed to verify by induction on b that 7(1 4+ b) = 7(1) + 7%(b) for each b €
{1, ..., k— 1} and that

i b—1

7(b) = (1) + 7(1) 4+ -+ 7 (1)

for any positive integer i. Observe that both claims clearly hold for b = 1 as 7(1 4+ 1) =
7(1) + 7¢(1) by Formula 3.4 and 7%(1) = 7°(1). Now suppose that both claims hold for all
a < b. Then by Lemma 13 7(c+b) = 7(c)+7¢(b) for each ¢, b € Z, such that ¢ = 1 (mod k)
and b = b (mod k) for some b € {1, ..., a — 1}. In particular,

(77 (1) + 72(b)) = 7(771 (1)) + 7¢(772(b)) = 71 (1) 4 7792 (b)
for any positive integers j; and j, by Lemma 12 (iii). Applying this observation we proceed
to compute 7(a) for an arbitrary integer i

a) =7 (1 +(a—1) =7 (F(1) +7(a—1)) =

=72 (r(r() + (= 1)) =72 (P + 70— 1)) =

T (Ti’l(l) + T(i’l)e(a — 1)) =7 +7%a—1)=

TL) 4+ T(1) 4 T (1),

The last congruence holds as a — 1 < a, and thus,
™a—1)=7°) 4+ -+ 7 (1)
by the induction assumption.
To prove the remaining claim we apply the above formula to compute 7(a) for i = e:
(1) +7%a) =7(1) + 7°(1) + 7'62(1) +- (1) =71+ a).

We have shown 7(1 +b) = 7(1) + 7¢(b) for each b € {1, ..., k — 1} and

b—1

() = (1) + (1) -+ 7 (1) (3.6)
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for each b € {1, ..., k — 1} and any positive integer i.
We proceed to show that the equation
7(a+b) = 7(a) + 7 (D)

holds for each a, b € {0, 1, ..., k — 1}. Tt clearly holds if @ = 0 or b = 0. Thus, suppose

that both a and b are non-zero. Then by Formula 3.6 for ¢« = e® we have
7(a) + 7 (b) = (T<1) TN (1)) + (Te“(1) TR (1)) = 7(a +b)

which proves our claim. Combining this result with Lemma 13 we have proved that 7 is
a skew-morphism of Z,, with i, = e® (M4 %) for each a € Z,. As 7 is a skew-morphism of
an abelian group and the orbit of element 1 is generating, we have |7| = |O;| = r. Let 7
denote the power function of the skew-morphism 7. Then 7(a) equals (e* ™°¢ % (mod r))
for each a € Z, (note that ¢® (M%) = ¢2 (mod r) by Condition (5)). Summing up we

obtain the first claim of the following lemma.

Lemma 14 Let (n; k, h, s, €) be the set of admissible parameters, let v be the integer
defined in the previous subsection, and let T be the permutation of Z, defined by 7(0) =0
and Formulas 3.3 and 3.4. Then the following hold:

(i) The permutation T is a skew-morphism of Z, with the power function values m(a) =

e (mod r) for each a € Zy;
(ii) The skew-morphism T is coset-preserving;
(iii) ParT = (n; k, h, s, €).

Proof. The skew-morphism 7 satisfies 7(a) = @ (mod k) for each a € Z,, by Lemma 12
(iii). Thus the values e and 7@ are equal modulo r as e¥ = 1 (mod r) by Condition (5).
It follows that 7 is a coset-preserving skew-morphism of Z,,. We proceed to prove that the

five parameters of 7 are equal to n, k, h, s and e respectively.

The first parameter clearly equals n as |Z,| = n.
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The third parameter equals h as 7(1) =1 =1+h—1=h.

To verify that the fourth parameter equals s we must prove that s is the smallest
positive integer such that 7(k) = sk. The equation holds by Lemma 12 (v). Now suppose

that 7(k) = sk for some positive integer 5 < s. We obtain

sk = sk

s=73 (mod d),

and hence s =5 as s < d by Condition (3). It follows that s is the smallest positive integer
satisfying 7(k) = sk, and thus, s is the fourth parameter of 7.

The fifth parameter m(1) equals e (mod r). As e < r by Condition (5), we obtain
(1) =e.

Recall that the order of 7(1) = e modulo |7| = r equals k£ by Condition (5). Hence
m(a) = (e* (mod r)) # 1 for all non-zero elements a € Z, smaller than k and (k) =
(eF (mod r)) = 1. Thus k is the smallest non-zero element of ker 7, i.e., the second para-

meter of 7.

Summing up, we have shown Par7T = (n; k, h, s, e). O

3.3.4 Complete classification and remarks

Summarizing previous subsections, we have obtained the following theorem.

Theorem 12 (1) Let (n; k, h, s, €) be a set of admissible parameters. Then there exists
an unique non-trivial coset-preserving skew-morphism 1 of the cyclic group Z, such

that Par T = (n; k, h, s, e).

(2) Let ¢ be a non-trivial coset-preserving skew-morphism of a cyclic group Z,. Then

Par ¢ s a set of admissible parameters.
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The above theorem yields a complete classification of non-trivial coset-preserving skew-
morphisms of cyclic groups by sets of admissible parameters. Note that by restricting to

k = 2, we obtain a complete classification of the ¢-balanced skew-morphism of cyclic groups.

Theorem 12 established a one-to-one correspondence between coset-preserving skew-
morphisms of cyclic groups and sets of admissible parameters (defined as five-tuples of
parameters satisfying Theorem 11). Note that Theorem 11 provides an algorithm for fin-
ding all sets of admissible parameters for given n in the polynomial time in n. Moreover,
Formulas 3.3 and 3.4 provide an algorithm for constructing skew-morphism for given sets
of admissible parameters in polynomial time in n as well. Combining these algorithms, we
created a c+-+ program that allowed us to search for sets of admissible parameters up to
the order n = 2000, which in turn allowed us to create a complete list of coset-preserving
skew-morphisms of cyclic groups of order < 500 (with the list becoming unreasonably big
with the increase of the order of the cyclic group, but extendable, if needed). The complete
list up to the order 500 contains 177753 coset-preserving skew-morphisms out of which
76115 are automorphisms. The cyclic group with the largest number of coset-preserving
skew-morphisms up to the order 500 is the group Z4go which admits 2144 coset-preserving

skew-morphisms.

3.3.5 Examples

In this subsection we provide two examples that illustrate the introduced complete clas-
sification of coset-preserving skew-morphisms of cyclic groups. In the first example we
demonstrate the construction of a coset-preserving skew-morphism for the given admis-
sible parameters set. In the second example we present our classification for the cyclic

group Zis.

EXAMPLES (1) For an arbitrary admissible parameters set (n; k, h, s, €), we define the

corresponding coset-preserving skew-morphism 7 of Z, by the following:

1. Let 7(0) = 0.
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2. According to Formula 3.3, we define 79(1) = (1 + s°h + s'h + -+ + s""'h (mod n))
for each positive integer 1.
Recall that 7°(1) = 7(0 md 1)(1) where r is the smallest positive integer satisfying
14+ s°h+s'h+---+ s 'h =0 (mod n) by Lemma 11. Moreover, the parameter r
equals the length of the orbit O; of the corresponding skew-morphism 7 of Z,, thus
r < n. Hence we require at most n computations of the terms 14+ s°h+s'h+---+s/~1h

for 1 < 7 <r to be able to determine 7%(1) for each positive integer 1.
3. Let 7(a) = 7(1) + 7¢(1) + 7¢° (1) + - - - +7¢"'(1) for all remaining elements of Z,.

We proceed to present our construction for a set of parameters (n; k, h, s, e) = (20; 4, 8, 1, 3).
It is easy to verify that this parameter set satisfies all the conditions of Theorem 11, and
thus, (20; 4, 8, 1, 3) is an admissible parameters set. As the first parameter equals 20, we

will build the corresponding coset-preserving skew-morphisms ¢ of Zsy.
1. Let ¢(0) = 0.

2. Let ¢*(1) = (1+1°-8+11-8+---+1°1.8 (mod 20)) = (1+ 8 (mod 20)) for each
positive integer i. Since the smallest positive integer r such that 14+8r =0 (mod 20)

equals 5, we obtain the following:

(1) =1, o(1)=9, ¢*(1) =17, ¢*(1) =5, ¢*(1) =13,
@l (mod ) (1) for each i > 5

ASy
~.
—~
—_
~—

I

3. Tt is possible compute ¢(a) for all remaining elements of Zy, by the formula

pla) = (1) +¢* (1) + ¢ (1) + -+ > (1).

However, it is possible to simplify the computation of ¢ by the following method: By
Lemma 12 (ix) we have p(a + k) = ¢(a) + s - [k for any non-negative integer a and
positive integer [. Since k = 4 and s = 1, we obtain p(a + 4l) = ¢(a) + 41. Thus,
to determine ¢, it is sufficient to find values ©(0), ©(1), ¢(2) and ¢(3). We already
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know that ¢(0) = 0 and ¢(1) = 1. We obtain the two remaining values ¢(2) and
©(3) by the following calculation:

0(2) = o(1) +¢°(1) =9+ 5 = 14,

0(3) = p(1) + *(1) + °(1) = (1) + ¢*(1) + ¢* (1) =9+ 5+ 13 =T.

By employing the formula p(a +4l) = p(a) + 4l fora=1,2,3 and [ =1, 2, 3, 4 we
obtain

¢ =(1,9,17,5,13)(2, 14, 6, 18, 10)(3, 7,11, 15, 19).

The resulting coset-preserving skew-morphism ¢ of Zs, satisfies the equation Paryp =
(20; 4, 8, 1, 3). Note that ¢ is neither an automorphism nor a t-balanced skew-morphism
of Zyy as the second parameter k& = 4 (and thus, the power function m admits 4 distinct
values). The group Zg is the smallest cyclic group which admits such coset-preserving
skew-morphism (see Table 2.1).

(2) In this example we present the list of all coset-preserving skew-morphisms of Zg
provided by our results. For each orbit of a coset-preserving skew-morphism we will write
the value of the power function only for one of its elements. For n = 18 there exist 13
admissible parameters sets, which in turn give rise to 13 non-trivial coset-preserving skew-
morphisms of Z,5. Thus, by extending the list by the identity permutation of Z;g, we obtain

the following list of all coset-preserving skew-morphisms of Zs.
COSET-PRESERVING SKEW-MORPHISMS OF Zis:
w1 = 1d(Z13), automorphism of Z;g

¢s = (1,5,7,17,13,11) (2,10, 14, 16, 8,4) (3, 15) (6,12), automorphism of Zis
(1) =7(2) =7(3) =7(6) =1, Parp=(18;1,4,5,1)

w3 = (1,7,13) (2,14, 8) (4,10,16) (5,17,11), automorphism of Z;g

(1) =n(2)=n(4) =7(5) =1, Parp=(18;1,6,7,1)
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¢4 = (1,11,13,17,7,5) (2,4, 8,16, 14, 10) (3,15) (6,12), automorphism of Zis

(1) =7(2) =n(3) =7(6) =1, Parp=(18; 1, 10, 11, 1)

w5 = (1,13,7) (2,8,14) (4,16,10) (5,11,17), automorphism of Z;g

(1) =n(2) =7(4) =n(5) =1, Parp=(18; 1, 12, 13, 1)

we = (1,17)(2,16) (3,15) (4,14) (5,13) (6,12) (7,11) (8,10), automorphism of Zg

3
—~
[u—
SN—
I
3
~~
[\
S~—
I
3
—~
w
S~—
I
3
—~
N
SN—
I

w7 =1(1,3,5,7,9,11,13,15,17), 8-balanced skew-morphism of Zig

m(l) =8, Parp =(18;2,2,1,8)

ws = (1,5,9,13,17,3,7,11,15), 8-balanced skew-morphism of Zig

m(l) =8, Parp = (18; 2,4, 1, 8)

wo = (1,7,13) (3,9,15) (5,11,17), 2-balanced skew-morphism of Zg

(1) =73) =7n(5) =2, Parp=(18; 2,6, 1, 2)

10 = (1,9,17,7,15,5,13,3,11), 8-balanced skew-morphism of Zig
(1) =8, Parp =(18;2,8, 1, 8)

e11 = (1,11,3,13,5,15,7,17,9), 8-balanced skew-morphism of Z;g

(1) =8, Paryp = (18;2, 10, 1, 8)

w12 = (1,13,7) (3,15,9) (5,17,11), 2-balanced skew-morphism of Zg

(1) =7(3) =n(5) =2, Parp=(18;2, 12, 1, 2)

w13 = (1,15,11,7,3,17,13,9,5), 8-balanced skew-morphism of Z;g
(1) =8, Parp = (18; 2, 14, 1, 8)

w14 = (1,17,15,13,11,9,7,5,3), 8-balanced skew-morphism of Z;g

m(l) =8, Parp = (18; 2, 16, 1, 8)

02

7(5) =7(6) =7n(7)=7(8) =1, Parp=(18; 1, 16, 17, 1)
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The above list is contained in the list of all skew-morphisms of Z;g included in |7]|. The
remaining skew-morphisms of Z;g obtained by [7] not on our list (i.e., skew-morphisms
which are not coset-preserving, or equivalently, skew-morphisms with the periodicities at

least 2) alongside with their periodicities and corresponding powers are listed below:
@15 = (1,11,7,5,13,17) (2,16, 14,4,8,10) (3,15) (6,12), py. =2, @25 = 3
@16 = (1,17,7,11,13,5) (2,4,14,10,8,16) (3,15) (6,12), py, =2, ©% = ©3
@17 = (1,5,13,11,7,17) (2,16,8,10,14,4) (3,15) (6,12), py, =2, ¢ = s
18 = (1,17,13,5,7,11) (2,10, 8,4, 14,16) (3,15) (6,12), P = 2, 9% = ©s
©10 = (1,9,5,7,15,11,13,3,17) (2,14, 8) (4,10,16), Py, =3, ¥ = o

@20 = (1,15,5,7,3,11,13,9,17) (2,8,14) (4,16,10), Py = 3, ¥ = @0

oo = (1,15,17,7,3,5,13,9,11) (2,14, 8) (4,10,16), Py, =3, ¥ = o

@2 = (1,3,17,7,9,5,13,15,11) (2,8, 14) (4, 16,10), Py, =3, P = @0

a3 = (1,3,11,7,9,17,13,15,5) (2,14,8) (4,10,16), Doy, = 3, @iz = ©g

os = (1,9,11,7,15,17,13,3,5) (2,8,14) (4,16, 10), Dy, =3, ¥y = ¥9

@95 = (1,11,15,13,5,9,7,17,3) (2,14,8) (4,10, 16), pups = 3, ©hs = ©12
a6 = (1,17,3,13,11,15,7,5,9) (2,8,14) (4,16,10), Do =3, ©as = P12
o7 = (1,17,9,13,11,3,7,5,15) (2,14,8) (4,10,16), Doy =3, @iy = P12
pag = (1,5,15,13,17,9,7,11,3) (2,8,14) (4,16, 10), DPups = 3, ©hs = ¥12
@0 = (1,5,3,13,17,15,7,11,9) (2,14,8) (4,10, 16), Pyyy =3, @59 = P12

w30 = (1,11,9,13,5,3,7,17,15) (2, 8,14) (4,16, 10), py,,, = 3, O3, = P12
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We see that each skew-morphism ¢ not obtained by our classification, i.e., a skew-
morphism with the periodicity p, > 2, admits the power, namely the p -th power, which
is a coset-preserving skew-morphism included in our classification. This is no coincidence,
as it holds true for all non-trivial skew-morphisms of cyclic groups by Theorem 8.

In particular, for the group Z;s all powers ¢P¢ of skew-morphisms satisfying p, > 2

equal one of the four following coset-preserving skew-morphisms:
w3 = (1,7,13) (2,14, 8) (4,10,16) (5,17,11), automorphism of Zg,
w5 = (1,13,7) (2,8,14) (4,16,10) (5,11,17), automorphism of Zg,
wo = (1,7,13) (3,9,15) (5,11,17), 2-balanced skew-morphism of Zig,

w12 = (1,13,7) (3,15,9) (5,17,11), 2-balanced skew-morphism of Zg.

According to the above list of all skew-morphisms of Zig, coset-preserving skew-morphisms
3 and 5 both admit 2 second roots which are skew-morphisms with the periodicities 2.
Coset-preserving skew-morphisms g and ¢ both admits 6 third roots which are skew-
morphisms with the periodicities 3. Thus, all 14 skew-morphisms of Z;3 which are not coset-
preserving are obtained as the root of one of the four coset-preserving skew-morphisms s,
s, P9 and p1a.

None of the remaining coset-preserving skew-morphisms 1, o, @4, Ve, ©7, P8, P4, P10,

©11, 13 and @14 of Z1g admits k-th root which is a skew-morphism with the periodicity .



Chapter 4

Conclusion

In this chapter we summarize the results of this thesis and outline possible directions of

further study of skew-morphisms.

4.1 Summary of results

In this section we summarize all the new results of this thesis.

In Section 2.5, we introduced the concept of the periodicity for skew-morphisms of
abelian groups and proved some of its important properties (see Lemma 4). The periodicity
plays a key role in the study of powers of skew-morphisms of abelian groups as we have
shown in Sections 3.1 and 3.2.

In Section 2.6, we introduced additional properties of two important subclasses of
skew-morphisms (Lemmas 5, 6 and 7). The first subclass was the class of the ¢-balanced
skew-morphisms, a generalization of the previously introduced concept of skew-morphisms
associated to t-balanced regular Cayley maps. The second subclass was consisted of coset-

preserving skew-morphisms, the concept introduced in [1].

The two most important results of this thesis are contained in Chapter 3.
The first result states that a skew-morphism ¢ of an abelian group A with the periodicity

P, possesses a power, namely the p,-th power, which is a coset-preserving skew-morphism

95
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of A. Moreover, if ¢ has a generating orbit, then ¢P# is a non-trivial coset-preserving skew-
morphism of A, and if ¢ has a generating orbit closed under taking inverses, then P
is a non-trivial ¢-balanced skew-morphism of A or a non-trivial automorphism of A (see

Theorems 6, 7, 8 and 9).

The second result is the complete classification of coset-preserving skew-morphisms
for the class of cyclic groups through sets of admissible parameters presented in Section
3.3. This classification is a significant step toward the classification of all skew-morphisms
of cyclic groups, as each skew-morphism of a cyclic group possesses a power which is a

non-trivial coset-preserving skew-morphism by Theorem 8.

4.2 Concluding remarks

According to the results of Section 3.2, each skew-morphism of a cyclic group can be
constructed as the ‘root’” of some non-trivial coset-preserving skew-morphism. However, a
general permutation might have more than one root and it appears very hard to determine
which roots of the coset-preserving skew-morphisms of cyclic groups are skew-morphisms
as well. Next step of our research is to study this problem for the most simple non-trivial
case. In particular, our aim is to classify all skew-morphisms of cyclic groups with the

smallest possible non-trivial periodicity p, = 2, for which ¢? is a group automorphism.

Another possible direction of research is a further investigation of coset-preserving skew-
morphisms of cyclic groups employing their complete classification presented in Section 3.3.
As the number of all coset-preserving skew-morphisms for a given cyclic group Z, equals
the number of all admissible parameters sets (see Theorem 11) with the first parameter
n, it might be possible to enumerate, or at least bound, this number by a function of
n. A straightforward upper bound on the number of all coset-preserving skew-morphisms
of Z, is n*, as each parameter is non-negative integer less than or equal to n. However,
our program for finding all admissible parameters sets for given n indicates that it might

be possible to decrease this bound as the number of admissible parameters sets does not
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exceed n? for positive integers n up to 500. Consequently, we might employ the obtained
upper bound and Theorem 8 to find an upper bound on the number of all skew-morphisms

of a cyclic group Z,.

Results introduced in Sections 3.1 and 3.2 are based on the concept of the periodicity
and its properties (see Section 2.5). Thus these results are relevant only for the case of abe-
lian groups, as a general skew-morphism ¢ of a non-abelian group might not possesses the
periodic distribution of the power function on the orbits of ¢ (see [2] or [15] for examples).
It might prove useful in the study of skew-morphisms of non-abelian groups to determine
skew-morphisms for which the concept of the periodicity is still relevant, or to develop a

concept similar to the periodicity for the case of skew-morphisms of non-abelian groups
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