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LINEAR-TIME REPRESENTATION ALGORITHMS FOR PROPER
CIRCULAR-ARC GRAPHS AND PROPER INTERVAL GRAPHS*

XIAOTIE DENG', PAVOL HELL!, AND JING HUANGS

Abstract. Our main result is a linear-time (that is, time O(m + n)) algorithm to recognize
and represent proper circular-arc graphs. The best previous algorithm, due to A. Tucker, has time
complexity O(n?). We take advantage of the fact that (among connected graphs) proper circular-arc
graphs are precisely the graphs orientable as local tournaments, and we use a new characterization of
local tournaments. The algorithm depends on repeated representation of portions of the input graph
as proper interval graphs. Thus we also find it useful to give a new linear-time algorithm to represent
proper interval graphs. This latter algorithm also depends on an orientation characterization of
proper interval graphs. It is conceptually simple and does not use complex data structures. As a
byproduct of the correctness proof of the algorithm, we also obtain a new proof of a characterization
of proper interval graphs by forbidden subgraphs.
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1. Introduction. An interval graph is the intersection graph of a family of linear
intervals; a proper interval graph is the intersection graph of an inclusion-free family
of linear intervals. A circular-arc graph is the intersection graph of a family of circular
arcs; as above, it is called proper if the family can be chosen to be inclusion free. The
families of intervals or of circular arcs are called representations of the corresponding
graphs.

Algorithmic aspects of interval graphs have been extensively studied; cf. [7]. In
particular, there are linear-time (i.e., time O(m+n), where m and n are, respectively,
the numbers of edges and of vertices of the input graph) algorithms to find a repre-
sentation of a given input graph by a family of intervals if one exists [5, 14]. It is
a long-standing open problem to find a linear-time algorithm for the representation
of circular-arc graphs. Here we give a linear-time algorithm for the representation
of proper circular-arc graphs. Tucker [18] gave a matrix characterization of proper
circular-arc graphs and an associated representation algorithm, which runs in time
0(n?) (cf. [15]).

Our algorithm depends on a linear-time method to represent proper interval
graphs. Such a method can be extracted from existing algorithms for interval graphs
[7, p. 195]. However, we also include in this paper a new linear-time algorithm for
the representation of proper interval graphs. This is a simple incremental algorithm
which does not use special data structures such as PQ-trees [5, 14]. Moreover, it is
formulated in a way that makes it convenient to use as a subroutine for our main
algorithm for proper circular-arc graphs. (It should be remarked that W. L. Hsu has
recently announced a linear-time algorithm for the representation of general interval
graphs, which does not use PQ-trees; cf. [10].)

We have given an earlier algorithm for the representation of proper circular-arc
graphs with time complexity O(Am) in [9]; cf. also [2, 8, 13]. (Here A denotes the
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maximum degree of the input graph.) Thus the present algorithm is more efficient;
nevertheless, for graphs of bounded degree both algorithms are linear, and we believe
the algorithm in [9] (which is conceptually much simpler) remains interesting.

Our algorithm for the representation of proper circular-arc graphs has immediate
applications in situations where existing algorithms for optimization problems on
proper circular-arc graphs assume that a representation by circular-arcs is given. For
instance, there are O(n) algorithms for solving the maximum clique problem, the
maximum independent set problem, and the g-colouring problem in proper circular-
arc graphs, provided a representation by circular arcs is given; cf. [4, 11, 17]. In
view of our O(m + n) representation algorithm, we may now conclude that all these
problems for proper circular-arc graphs are solvable in time O(m + n) with no further
restriction.

The correctness proof of our algorithms depends on the progress we made on
another problem—the understanding of the structure of local tournaments. A local
tournament (cf. 1, 8, 13]), is an oriented graph in which the inset as well as the outset
of every vertex is a tournament. Local tournaments turn out to be a useful general-
ization of tournaments and many interesting algorithmic problems can be efficiently
solved for this class of oriented graphs (cf. [1, 8, 13]). Local tournaments are relevant
to our purposes because of the fact that (among connected graphs) proper circular-arc
graphs are precisely the graphs orientable as local tournaments and proper interval
graphs are precisely the graphs orientable as nonstrong local tournaments. These
results are essentially due to Skrien [16] (cf. also [9, 12, 13]), and they allow us to
deal with orientations of the input graph instead of having to deal with represen-
tations of it. We have developed new characterizations of local tournaments and of
nonstrong local tournaments, and we shall use them below to prove the correctness
of our algorithms.

To capture the situations where some edges of the input graph have already been
oriented and others are still undirected, we employ the notion of a mized graph: it is
a graph H with some directed edges (arcs) and some undirected edges such that if H
contains the directed edge xy, then it contains neither the directed edge yx nor the
undirected edge xy. The inset, respectively the outset, of a vertex v in a mixed graph
H is the set of all vertices u in H for which uv, respectively vu, is a directed edge
of H. A directed path in a mixed graph contains only directed edges (all oriented
in the same direction). Note that the class of mixed graphs without directed edges
is precisely the class of undirected graphs and the class of mixed graphs without
undirected edges is precisely the class of oriented graphs.

Let D be a mixed graph. If zy is a directed edge of D, then we say that x
dominates y and write x—y; otherwise, we say that x does not dominate y and write
xAy. We say that D is strong if, for any two vertices x and y, D contains a directed
path from z to y (and a directed path from y to z); otherwise, it is called nonstrong.

Let G be an undirected graph. For any vertex v, let N(v) be the neighbourhood
of v, i.e., the set of vertices which are adjacent to v. The closed neighbourhood of v
is the set N[v] = N(v) U {v}. We define an equivalence relation on V(G) in which
a and b are equivalent just if N[a] = N[b]. The classes of this equivalence are called
the blocks of G. It follows from the definition that two blocks are either completely
adjacent (every vertex of one is adjacent to every vertex of the other) or completely
nonadjacent (no vertex of one is adjacent to any vertex of the other). We shall use the
terms adjacent blocks and nonadjacent blocks to describe these respective situations.
If the vertices a and b of an edge ab are equivalent, we call the edge ab balanced;
otherwise, ab is an unbalanced edge. We say that G is reduced if there are no balanced
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edges, i.e., if distinct vertices have distinct closed neighbourhoods.

The underlying graph of a mixed graph D is the undirected graph G(D) with the
vertex set V(D) in which zy is an edge of G(D) only if it is a directed or undirected
edge of D. We say that D is connected if G(D) is connected. We say that D is reduced
if G(D) is reduced. We call an arc ab of D balanced if the edge ab is balanced in
G(D).

2. Local tournaments. First we discuss the structure of local tournaments. A
detailed treatment appears in [12] (cf. also [13]); we summarize here only the main
points relevant to our algorithm. We begin with nonstrong local tournaments.

A straight enumeration of an oriented graph D is a linear ordering vy, vs,..., v,
of its vertices such that for each ¢ there exist nonnegative integers k and [ such that
the vertex v; has inset {v;—1,v;—2,...,v;—x} and outset {v;4+1,Vit2,...,Vit+1}. Note
that any arc v;v; has ¢ < j and the subgraph induced by v;, viy1,...,v; is a transitive
tournament. An oriented graph which admits a straight enumeration is called straight.
An undirected graph is said to have a straight orientation if it admits an orientation
which is a straight oriented graph.

PROPOSITION 2.1. The following properties are equivalent for an oriented graph
D:

1. D is straight;

2. there exists an inclusion-free family of intervals associated with the vertices of
D such that u dominates v in D if and only if the interval associated with u contains
the left endpoint of the interval associated with v (the interval of u intersects the
interval of v “on the left”).

Proof. 1 implies 2: Given a straight enumeration vy, vs,...v, of D, we associate
with v; the interval from i toi+d; +1 — %, where d; denotes the outdegree of v;.

2 implies 1: Given an inclusion-free family of intervals, we order the vertices as
U1, Vs, ...,V in such a way that the left endpoints of the corresponding intervals form
an increasing sequence. |

COROLLARY 2.2. A graph is a proper interval graph if and only if it has a straight
orientation. a

We see from the above that we can construct the intervals of a representation of
G in time O(m + n) provided that we have a straight enumeration of an orientation
D of G. Thus our algorithm for representing a proper interval graph needs only to
find a straight enumeration of an orientation of G.

Note that a straight oriented graph is a nonstrong local tournament. (In fact, it
is an acyclic local tournament.) Moreover, all nonstrong local tournaments arise in a
simple fashion from straight oriented graphs. Let S be an oriented graph and let T,
be a family of disjoint tournaments indexed by the vertices v of S. The substitution
operation on S with respect to Ty, v € V(S) results in an oriented graph D obtained
from S by replacing each v by the corresponding T, and with each vertex of T,
dominating each vertex of T, in D just if v—u in S. Note that each edge of each
T, is balanced and, if S is reduced, there are no other balanced edges in D. The
full reversal of an oriented graph D is the operation of reversing the directions of all
oriented edges (arcs) of D.

The following theorem describes a method to generate all possible nonstrong
local tournaments (other than tournaments) as well as all possible nonstrong local-
tournament orientations of a fixed undirected graph.

THEOREM 2.3 ([12, 13]). Let D be a connected oriented graph which is not a
tournament. Then D is a nonstrong local tournament if and only if it is obtained from
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a reduced straight oriented graph S (with |V(S)| > 1) by the substitution operation
with respect to some family of tournaments T,,v € V().

Moreover, if D is a nonstrong local tournament, then for every nonstrong local-
tournament orientation D' of G(D), either D' or the full reversal of D’ is obtained
from the same S by the substitution operation with respect to a family T, v € V(S),
where |T)| = |T,| for each v € V(S). 0

COROLLARY 2.4. Let G be a connected proper interval graph and D and D’ two
arbitrary nonstrong local tournament orientations of G. Then D' can be obtained
from D by changing the directions of some balanced arcs and then possibly performing
a full reversal. a

In order to concisely describe all possible nonstrong local tournament orientations
of a fixed connected proper interval graph, we introduce a modified substitution oper-
ation in which we replace each vertex v by a complete undirected graph T,, again with
each vertex of T, dominating each vertex of T,, if and only if v—u. A straight mized
graph H is a mixed graph obtained from a reduced straight oriented graph S by such
a substitution operation with respect to a family T, of complete graphs. Note that
the blocks of the resulting mixed graph are precisely the vertex sets of the complete
graphs T,,. (In other words, each undirected edge is balanced and each directed edge is
unbalanced.) Let H be a straight mixed graph. A straight enumeration V1, Vs, ..., V,
of the blocks of H is an ordering of the blocks of H in the order of the straight enu-
meration of the corresponding vertices of S. In the following, we shall often define
a straight mixed graph by describing a straight enumeration of its blocks. Given a
sequence of blocks V1, V3,...,V}, of an undirected graph G, consider the mixed graph
H obtained by leaving all edges zy of G with = and y from the same V; undirected
and orienting each edge zy with x € V;, y € V;, and @ < j from x to y. Then this is
a straight mixed graph provided that for any i and j such that V; is adjacent to Vj,
the subgraph induced by the intermediate blocks V; U Vi1 U--- UV} is complete.

If we orient the undirected edges so that each T, becomes a transitive tour-
nament, we obtain a straight oriented graph. Conversely, starting from a straight
oriented graph, we obtain a straight mixed graph by replacing all balanced arcs by
the corresponding undirected edges. Therefore we may extract from Corollaries 2.2
and 2.4 the following useful result.

COROLLARY 2.5. Each connected proper interval graph is uniquely orientable as
a straight mized graph up to full reversal. 0

A similar discussion applies to general (possibly strong) local tournaments. A
round enumeration of an oriented graph D is a circular ordering vi,vs,...,v, of
its vertices such that for each i there exist nonnegative integers k and [ such that
the vertex v; has inset {v;_1,v;—2,...,V;—x} and outset {viy1,Vit2,...,Viti1}; here
additions and subtractions are modulo n. Note that in this case there can be arcs
v;v; with both ¢ < j and ¢ > j; however, it is still true that if v;v; is an arc (regardless
of whether ¢ < j or j < i), the subgraph induced by v;,vi+1,...,v; is a transitive
tournament. (The subscripts are again computed modulo n.) An oriented graph
which admits a round enumeration is called round. An undirected graph is said to
have a round orientation if it admits an orientation which is a round oriented graph.
Clearly a round oriented graph is a local tournament. It is easy to see that an induced
subgraph of a round oriented graph is a round oriented graph and a straight subgraph
of a straight oriented graph is a straight oriented graph. Moreover, it is clear that
a straight enumeration is a special case of a round enumeration and that, in fact, a
round oriented graph is straight if and only if it is nonstrong.

PROPOSITION 2.6. The following properties are equivalent for a connected ori-
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ented graph D:

1. D is round;

2. there exists an inclusion-free family of circular arcs associated with the vertices
of D such that u—v in D if and only if the circular arc associated with u contains
the counterclockwise endpoint of the circular arc associated with v. 0

COROLLARY 2.7. A connected graph is a proper circular-arc graph if and only if
it has a round orientation. O

The proof of Proposition 2.6 is analogous to that of Proposition 2.1, and it also
yields an O(m+n) method to find a representation of a given graph G by circular arcs,
provided that a round enumeration of an orientation of G is given. In fact, we may
modify the interval representation given in the proof of Proposition 2.1 by identifying
two vertices « and y of the real line whenever |z — y| = n+ 1. This makes the real line
into a circle and the intervals into circular arcs. Thus it will be sufficient to specify
a linear-time algorithm to provide a round enumeration of an oriented graph D with
G(D) = G if one exists and to report that one does not exist otherwise.

Just as nonstrong local tournaments are related to straight oriented graphs in
Theorem 2.3, general local tournaments are related to round oriented graphs. How-
ever, the relationship is more complicated. The next theorem describes a method to
generate all possible local tournaments as well as all possible local-tournament orien-
tations of a fixed undirected graph. A special reversal of a round oriented graph D is
defined as follows: Consider the complement G of G(D). If G has an odd cycle or if
G is connected, then no special reversal is possible. Otherwise (G is disconnected and
bipartite), we let A be either the set of all unbalanced arcs within a fixed component
of G or the set of all unbalanced arcs between two fixed components of G. The special
reversal corresponding to A is the operation that reverses the directions of all arcs in
the set A.

THEOREM 2.8 ([12, 13]). Let D be a connected oriented graph. Then D is a local
tournament if and only if it is obtained from some reduced round oriented graph R by
the substitution operation with respect to some family T,,,v € V(R), possibly followed
by special reversals.

Moreover, if D is a local tournament, then every local-tournament orientation
of G(D) is obtained from the same R by the substitution operation with respect to a
family T,,v € V(R), where |T,| = |Ty| for each v € V(R), possibly followed by special
reversals and/or a full reversal. 0

COROLLARY 2.8. Let G be a connected proper circular-arc graph and D and D’
be two arbitrary local-tournament orientations of G. Then D’ can be obtained from D
by changing the directions of some balanced arcs and then possibly performing special
reversals and/or a full reversal. 0

A round mized graph H is a mixed graph obtained from a reduced round oriented
graph R by such a substitution operation with respect to a family T, (v € V(R)) of
complete graphs. Note that if we orient the undirected edges of a round mixed graph
in an arbitrary way, we obtain a local tournament, and if we do it in such a way that
each T, is a transitive tournament, then we get a round oriented graph. Conversely,
if we erase the directions of all balanced arcs in a round oriented graph, we obtain
a round mixed graph. Thus we obtain the following result from Corollaries 2.7 and
2.9 (using the fact that no special reversals are possible if the complement of G is
connected or nonbipartite).

COROLLARY 2.9. Let G be a connected proper circular-arc graph. If the com-
plement of G is connected or nonbipartite, then it is uniquely orientable as a round
mized graph up to full reversal. ]
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3. Proper circular-arc graphs. We now give our linear-time algorithm for the
representation of proper circular arc graphs. Recall that Tucker [18] gives an O(n?)
algorithm; thus we only need to deal with the case when the number of edges is small
relative to n2. Let = be a vertex of minimum degree in G. Let A be the graph induced
by N[z] and let B = G — A. We may assume that B is not a complete graph. Indeed,
if B is complete, we can find a representation of G by Tucker’s algorithm; since z is a
vertex of minimum degree, we conclude that the number of edges of G is m > 1‘2—23’1
and so n? = O(m + n), i.e., Tucker’s algorithm is in fact linear in this case. We may
also assume that G is not a proper interval graph—this can be tested in linear time
by the algorithm presented in the next section. Note that a proper circular-arc graph
which is not a proper interval graph must be connected.

Thus let G be a proper circular-arc graph which is not a proper interval graph.
Note that this implies that G is connected and can be oriented as a strong round
oriented graph G. As mentioned above, we wish to find some round orientation of G.
We assume from now on that B is not complete.

PROPOSITION 3.1. Both A and B are connected proper interval graphs.

Proof. Let v1,vs,...,v, be a round enumeration of G and let © = v;. Let f
be the least integer such that vy dominates x in G' and let g be the largest integer
such that x dominates v, in G. Then f > g and both the subgraph of G induced
by {vf,vf41,...,v1} and the subgraph of G induced by {v1,v2,...,v4} are transitive
tournaments; hence A = {vf,vf41,...,Un,01,02,...,05} and B = {vgy1,...,v5-1}.
It follows that A and B are connected graphs. Let A be the subgraph of G induced
by the vertices of A and let B be defined similarly. Then both A and B are round
oriented graphs. We shall argue that they are, in fact, straight oriented graphs, and
hence A and B are proper interval graphs. We shall show that, in fact, both A and
B are acyclic oriented graphs. The subgraphs of A induced by {vf,vf41,...,v1} and
by {v1,v2,...,v4} are transitive tournaments oriented from vy to v; and from v; to
vg. Thus for A it only remains to verify that there is no arc v;v; with 2 < i < g and
f <3 < n. Any such arc would imply that v;,v;41,...,v; is a transitive tournament,
contradicting the assumption that B is not complete. This proves that Aisan acyclic
round oriented graph and thus a straight oriented graph. For B the proof is similar,
as any arc v;v; with ¢ < j < 4 < f in B would imply that v; dominates v; = «,
contradicting the definition of B. |

According to the above proposition, we may construct a straight mixed orientation
B’ of B. For this, we may use the technique of the next section, which will also produce
a straight enumeration By, ..., By of the blocks of B’. Let L be the set of all vertices
of A which are adjacent (in G) to a vertex of B, and R the set of all vertices of A
which are adjacent to a vertex of By. Let C = G — L and D = G — R. Finally, let
E be the subgraph of G induced by the vertices of AU B,;. Note that C and D both
contain B as an induced subgraph and that F contains A as an induced subgraph.

PROPOSITION 3.2. All three graphs C,D, and E are connected proper interval
graphs.

Proof. Consider again the round enumeration vi,vs,...,v, of é, where z =
v, A= {vf,vf41,...,Vn,V1,V2,...,V}, and B = {Vg41,...,v5_1}. We claim that

C= {vh+lavh+2)' <oy Uny U1,y - 9vf—1}

for some h,f < h < n. Consider first the straight enumeration vgyy,...,v5_1 of

B. Clearly, any block of B consists of consecutive vertices in this enumeration.
Thus we obtain a straight mixed orientation of B by keeping the directions of all
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unbalanced edges of B according to their direction in B. Since the B’ is unique,
up to a full reversal, we may assume, by considering a full reversal of G if neces-
sary, that By = {vs,Vs41,...,V5-1} for some s,g+1 < s < f. Now we prove
that L = {vf,vf41,...,vn}, where h is the largest integer such that vs_; domi-
nates v, (thus f < h < n). Indeed, it follows from the definition of round enu-
meration that each v;, f < ¢ < h is adjacent to a vertex (namely vy_;) of By.
On the other hand, if some v; is dominated by a vertex in B,, then it is also
dominated by vs_;; hence f < j < h by the definition of h. Also, no v; in
A can dominate a vertex in B, because then B would be a complete graph (re-
call that all vertices in By have the same closed neighbourhood in B). Having

found L, we now know that C = {va4+1,Vh42,...,Vn,V1,...,0f_1}. In the order
Uh41, Uh42s - -+, Un, U1,...,Vf—1 Of vertices, there are no arcs from a later vertex to an
earlier vertex because vp41,Vh42,-.-,Un,V1,...,Vy is part of the straight enumera-

tion of /f, Vg4+1,Vg+2, - - - Vf—1 is our straight enumeration of 1§, and any arc v;v; with
v; € Bandv; € A,j ¢ {f,f+1,...,h} would imply that v;, vi41,...,v; is a transitive
tournament, contradicting the definition of h. Let C be the subgraph of G induced
by the vertices of C. Then vp41,Vn42,...,Vn,v1,...,V5_1 is a straight enumeration
of €. Hence C is a proper interval graph.

The argument for D is symmetric and it also yields the fact that R = {vg, vk+1,-- .,
vg}, where 1 < k < g. In particular, we note for future reference that the sets L and
R are disjoint.

Let E be the subgraph of G induced by the vertices of E. Recall that B, =
{vs, Vs41,...,Vf—1}. We claim that vs,Vst1,...,Vn,01,...,0, is a straight enumera-
tion of E. This follows easily from the fact that vf, vfi1,...,Un,v1,. ..,y is a straight
enumeration of f-l‘, Vs, Us41,- -+, Vf—1 & part of our straight enumeration of B , and there
is no arc v;v; with v; € A and v; € B, because B is not complete. The connectivity
of C, D, FE is clear from the above arguments. ]

Now we may compute, again using techniques of the next section, straight mixed
orientations C’, D', E’ of C,D, E, respectively. Recall that these orientations are
unique up to full reversal. Our algorithm consists of combining the straight mixed
graphs C’', D', E’ to form a round mixed orientation of G. To do this, we may have
to replace some of C', D', E' by their full reversals. It must be possible to do this
consistently, i.e., in such a way that all edges of G which are oriented in more than
one of the mixed graphs C’, D', E' are oriented there in the same way. To see this,
consider the straight mixed graphs C”, D", E” obtained from C, D, F by replacing all
balanced arcs by the corresponding undirected edges. They clearly have the property
that all edges of G are oriented consistently (because they all arise from G); however,
according to Proposition 3.2 and Corollary 2.5, each of C’,D’,E’ is equal to the
corresponding C”, D", E” or its full reversal. To explicitly find the right orientations
C',D',E’, we may proceed as follows. Arbitrarily fix C’ to be either of the two
possible straight mixed orientations of C. This determines D’, since C and D both
contain B, which is not complete and hence contains an unbalanced arc. (In other
words, fixing an orientation of C determined the direction of at least one edge of D
and hence determined D’.) In turn, this determines the orientation of E since the
edge vs_1vy of G is an unbalanced edge of both D and E (recall that z is not adjacent
to vy_1 but is adjacent to vs). It is clear that these operations can be performed in
time O(m + n) once any straight mixed orientations of C, D, E are known. Thus
assume that C’, D', E’ are oriented consistently and let H be the mixed orientation
of G in which an edge is oriented only if it is oriented in any of the graphs C’, D', E’
and is oriented according to the orientation it has there; clearly, this can also be done
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in time O(m + n).

PROPOSITION 3.3. The mized graph H is a round mized graph.

Proof. We first prove that each unbalanced edge of G is unbalanced in one of the
mixed straight graphs C’, D', E’ (and hence it is oriented in that graph). Consider an
unbalanced edge uv of G. If both v and v are vertices of B and if uv is balanced in B,
then there exists a vertex z € A such that, say, z is adjacent to v but not to v. Since
LN R = ( (see the last sentence of the proof of Proposition 3.2), z € C or z € D.
Thus u,v, z are vertices of C or D and hence the edge uv is an unbalanced edge in
C or D. If uv is unbalanced in B, then it is also unbalanced in C' (and D) since B
is an induced subgraph of C. If both u and v are vertices of A and if uv is balanced
in A, then there exists a vertex z € B such that, say, z is adjacent to u but not to v.
Suppose first that z dominates u. If any vertex of B dominates u, then a vertex z’
of B, dominates u (consider the round enumeration ...,z,...,05_2,Vf_1,...,4,...
of @); thus u € L. If 2’ is adjacent to v, then u,v, z are vertices of D and uv is an
unbalanced edge of D; if 2’ is not adjacent to v, then u,v, 2’ are vertices of E and uv
is an unbalanced edge of E. If uv is unbalanced in A, then it is also unbalanced in E.
If (say) u is a vertex of A and v a vertex of B, then z is adjacent to u but not v and
u & L or u ¢ R; thus u, v,z are vertices of C or D and wv is an unbalanced edge of C
or D. From the way A’, B',C’, D', E' were chosen, we see that they all agree with G
or the full reversal of G. Therefore, H is obtained from G (or its reversal) by ignoring
the directions on the balanced arcs. Therefore, H is a round mixed graph. 0

We now summarize the algorithm.

ALGORITHM 3.4. Let G be a graph with n vertices and m edges.

[Step 1.] Test if G is a proper interval graph by Algorithm 4.4. If it is, then
represent it by linear intervals viewed as a special case of circular arcs.

[Step 2.] Choose a vertex x of minimum degree in G. Let A be the graph induced
by N[z] and let B = G — A. If B is a clique, then find a representation of G by
Tucker’s algorithm. Otherwise, proceed as follows.

[Step 3.] If B is not a proper interval graph, then report that G is not a proper
circular-arc graph. Otherwise, orient B as a straight mized graph B’ by Algorithm
4.4, which also produces a straight enumeration By, By, ..., By of the blocks of B'.

[Step 4.] Let L be the set of vertices of A adjacent to a vertex of By and let R be
the set of vertices of A adjacent to a vertex of By;. Let C =G — L and D = G — R,
and let E be the subgraph of G induced by AU By. If any of C, D, E is not a proper
interval graph, then report that G is not a proper circular-arc graph. Otherwise, orient
C,D, E as straight mized graphs C',D’, E' by Algorithm 4.4.

[Step 5.] If it is not possible to perform full reversals on C’',D',E’ so that all
edges are oriented consistently, then report that G is not a proper circular-arc graph.
Otherwise find consistent orientations C', D', E' and construct H from G by orienting
any edge uwv so that u—v provided that u—v in any of the mized graphs C', D', E’.

[Step 6.] Orient all remaining undirected edges of H so that each block of H
becomes a transitive tournament. Let D be the resulting oriented graph.

[Step 7.] Transform D into a circular-arc representation of G by the method of
Proposition 2.6.

The correctness of the algorithm is implicit in our propositions. When we report
that G is not a proper circular-arc graph in Step 3, then Proposition 3.1 implies that
this is true. When we report this in Step 4, then Proposition 3.2 implies that this is
true. When we report the same conclusion in Step 5, then this is true by the remarks
following the proof of Proposition 3.2. The mixed graph H constructed in Step 5
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the claw the net the tent

F1G. 1. The claw, the net, and the tent.

is round by Proposition 3.3. The oriented graph D constructed in Step 6 is round
according to the remark following Corollary 2.8.

Steps 1, 3, and 4 are done in linear-time by Algorithm 4.4. (In Step 4, we also
need to identify L and R, but this can clearly be done in time O(m+n).) Step 2 also
takes only linear-time according to the comments at the beginning of this section. We
have already explained how the test for consistency can be done in time O(m + n).
The remainder of Step 5 and Step 6 are clearly linear. Step 7 can also be carried out
in linear-time, as explained after Proposition 2.6.

4. Proper interval graphs. In this section, we give an O(m+n)-time algorithm
to represent proper interval graphs. As mentioned above, such algorithms already
exist. However, our algorithm is simpler than the existing algorithms, avoids difficult
data structures, and directly produces the straight mixed graph orientation of the
input graph that is required by Algorithm 3.4. Furthermore, the proof of correctness
of our algorithm implies as a byproduct a new proof of a theorem of Wegner [19]; cf.
Corollary 4.3.

Assume that G is a connected graph, as otherwise we can work separately on
each component of G. Our algorithm will insert vertices of G one at a time into
an already formed straight mixed graph to form a new straight mixed graph. If
G is a proper interval graph, then this process continues successfully until a straight
mixed graph orientation of G is obtained. This is what is needed in Algorithm 3.4. If a
concrete representation by intervals is desired, then we can again orient the remaining
undirected edges so that each block is a transitive tournament and then represent the
resulting straight oriented graph as explained in the proof of Proposition 2.1. (All
this can still be done in time O(m + n).) It is easy to see that any chordless cycle of
length greater than three and any of the three graphs (the claw, the net, or the tent)
in Fig. 1 is not orientable as nonstrong local tournament and hence is not a proper
interval graph. (This is also well known [7].) Therefore, no graph which contains a
chordless cycle of length greater than three, a copy of the claw, the net, or the tent,
as an induced subgraph can be a proper interval graph.

We emphasize that by Corollary 2.5 the straight mixed graph orientation of a
connected proper interval graph is unique up to a full reversal. Therefore, the cor-
responding straight enumeration of blocks is also unique up to reversing the order of
the blocks. This is crucial in what follows, even though it is not always explicitly
mentioned. In particular, if we have two connected straight mixed graphs H and H’
with straight enumerations V1, V2,...,V, and V{,V;,...,V,, and if H is an induced
subgraph of H’, then we may assume (by performing a full reversal on H' if neces-
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sary) that each edge oriented both in H and H’ is oriented in the same directions in
both. Moreover, it is clear that two vertices equivalent in H' are also equivalent in
H. Therefore, any edge unbalanced in H remains unbalanced in H’; this also means
that any edge oriented in H remains oriented in H’. Suppose that H’ has just one
more vertex than H, say vertex v. Then each V; breaks into two blocks V; N N(v)
and V; — N(v) of H' (if v has both some neighbours and some nonneighbours in V;),
combines with v to form a block V; U {v} of H' (if v has exactly the same closed
neighbourhood as V; in H'), or remains a block of H' (otherwise).

Now we suppose that G is a connected proper interval graph and H is a straight
mixed orientation of a connected subgraph of G. Let V1, V3, ..., V], be a fixed straight
enumeration of the blocks of H. Let v be a vertex of G which is not in H but is
adjacent to a vertex of H. We wish to find a straight mixed orientation H’ of the
subgraph of G induced by v together with the vertices of H. According to the above
observations on the form of the blocks of H’, it remains only to describe which edges
of G not oriented in H are oriented in H’. We can do this by describing the straight
enumeration of the blocks of H’, because the direction of all unbalanced edges is
determined by this order, to go from the earlier block towards the later block.

Before we can describe the straight enumeration of the blocks of H', we need to
analyze the possible connections of v in H. In fact, these are rather restricted as far
as the blocks of H are concerned.

PROPOSITION 4.1. Letl1<a<b<c<p.

1. If v is adjacent to a verter in V, and to a vertex in V., then v is completely
adjacent to V;, (i.e., v is adjacent to every vertex of V3 ).

2. If v is adjacent to a verter in Vi and nonadjacent to a vertexr in V, and a
vertex in V,, then V, is nonadjacent to V..

3. If V,»V,—V, and if v is adjacent to a vertex in V,, then v is completely
adjacent to V, or to V.

Proof. Assume that v is adjacent to x € V, and z € V. but not to y € V.
We may assume without loss of generality that a, b, and ¢ are chosen so that ¢ —a
is minimal. Then ¢ — a > 2 and v is not adjacent to at least one vertex in each
Vq with @ < d < ¢. Moreover, V, and V, are adjacent blocks, for otherwise any
shortest path from V, to V, in V, UV 411 U --- UV, together with v would induce
chordless cycle of length greater than three, a contradiction. (The subgraph induced
by V,UV,41U---UV, is connected because the connectivity of H implies that each V;
is adjacent to V;11.) Since V4, Vs, -,V is a straight enumeration of H, the vertices
in V, U Va1 U--- UV, induce a complete subgraph of G. Consider the three blocks
Va, Vo, Ve; any two distinct blocks have distinct neighbourhoods in H. Thus there
exists a block V; which is adjacent to exactly one of the blocks V,, V}, and there exists
a block V; which is adjacent to exactly one of the blocks V3, V.. If V; is adjacent to
V. but not to V4 and Vj; is adjacent to V. but not to V4, then clearly i < a < c < j,
and v must be completely adjacent to both V; and V}, as otherwise G would contain
a copy of the claw centered at x or z. Now the vertices z,y, z,v together with any
vertex of V; and any of vertex of V; induce a copy of the tent, contradicting the fact
that G is a proper interval graph. Thus we may assume without loss of generality
that V; is adjacent to V3 but not to V,. Then clearly 7 > ¢ and v must be completely
nonadjacent to V;, as otherwise G would contain a four-cycle induced by v, z, z and
a vertex of V;. If, additionally, V; is adjacent to V3 but not to V., then we would
similarly have j < a and v completely adjacent to V. In this case G would contain
a copy of the tent induced by z,y, z,v, any vertex of V;, and any vertex of V;. If,
on the other hand, V; is adjacent to V; but not to V4, then clearly ¢ < i < j and,
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moreover, v must be completely adjacent to V;, as otherwise G would contain a copy
of the claw centered at 2. Now we conclude that G contains a chordless five-cycle
induced by v, z,y, any vertex of V;, and any vertex of V;.

For the second statement, suppose that v is adjacent to y € Vj and is nonadjacent
to x € V, and z € V.. Assume that V, is adjacent to V.. The blocks V, and V} have
distinct closed neighbourhoods in H. If there is a block Vy which is adjacent to V,
but not adjacent to V,, then d > c because V, is adjacent to V.. Note that v is not
adjacent to any vertex in V; according to the first statement. Hence for any w € Vj,
{z,y,w,v} induces a claw in G, contradicting the fact that G is a proper interval
graph. Thus there must be a block V. which is adjacent to V, but nonadjacent to V;.
Similarly, there is a block V; which is adjacent to V. but nonadjacent to V;. Note
that e < a and f > ¢. Hence v is adjacent to no vertex in V, or V;. Choose any
u € V, and any w € V; and note that the subgraph induced by {z,y, z,u,w,v} is a
copy of the net, again contradicting the fact that G is a proper interval graph.

For the last statement, suppose that there are three vertices z € V,, y € V3, and
z € V, such that v is adjacent to y but not to z or 2. By the second statement, x is
not adjacent to 2. Then G contains a claw induced by {z,y, z,v}. O

Remark. We note that the proof of Proposition 4.1 applies even if we replace the
assumption that G is a connected proper interval graph by the assumption that G is
a connected chordal graph which contains no induced claw, net, or tent. (A graph is
called chordal if it contains no chordless cycle of length greater than three [7].) O

Under the above assumptions that G is a connected proper interval graph (or
indeed that G is a connected chordal graph which contains no induced claw, net, or
tent), H a straight mixed orientation of a connected subgraph of G, and v a vertex
of G but not of H, we also have the following.

PROPOSITION 4.2. The subgraph of G induced by v and the vertices of H is a
proper interval graph.

Proof. According to part 1 of Proposition 4.1, the blocks of H that are com-
pletely adjacent to v form a (possibly empty) sequence of consecutive blocks, say,
Vi,Vit1,-., Vs, for some | and r. We first assume that 1 <l <r <p. Leta=1-1
and c =7+ 1; thus @ > 1 and ¢ < p. Note that (again by part 1 of Proposition 4.1),
v is nonadjacent to all V; with j < a and j > c¢. It further follows from part 2 of
Proposition 4.1 that V, and V. are nonadjacent. Let b be the largest integer greater
than a such that V, is adjacent to V,, and let d be the smallest integer less than ¢
such that V; is adjacent to V.. Then both ¢ < b < c and a < d < ¢. We claim that
b < d. Suppose b > d and let z and y be two vertices in V,, and V., respectively, which
are nonadjacent to v; such vertices exist by the definition of [ and r. Let z be any
vertex of V. Then H has a claw induced by {z,y, z,v}.

We are now ready to describe the straight mixed graph H’ in the case when
1 <l <7 < p. If the set N(v) intersects V,, then (cf. above) V, breaks into V, — N(v)
and V,NN(v) and we modify the straight enumeration of the blocks of H by replacing
V. with V, — N(v), V, N N(v), in this order. Similarly, if the set N(v) intersects V.,
then we modify the straight enumeration by replacing V, with V.NN(v), V. — N(v), in
this order. Note that these operations imply that some of the previously undirected
edges have become oriented, e.g., the edges oriented from V, — N(v) to V. N N(v). It
remains to describe where the vertex v goes in the straight enumeration of H’. Recall
that it can form its own block or it can be added to an existing block V.

If N(v) intersects V,, then we put {v} as a separate block just after V;. If N(v)
intersects V., then we put {v} as a separate block just before V;. We note that if
N(v) intersects both V, and V., then these two instructions coincide because in this
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case we necessarily have d = b+ 1. Suppose d > b+ 1, and let x and y be vertices of
N(v) NV, and N(v) N V,, respectively. Let z be any vertex of V441. Then {z,y, z,v}
forms a claw of G, a contradiction. (The vertices x,y are nonadjacent because z and y
are nonadjacent and V, precedes V41 in the straight enumeration of H;,;.) It is not
difficult to verify that what we have defined is indeed a straight enumeration of H'.
For instance, suppose that both N(v) NV, and N(v) NV, are nonempty and consider
two adjacent blocks from the straight enumeration

ViyooosVae1, Vuo=N(v), VaNN (v), ..., W, {0}, V4, ... , VeNN (v), Ve=N (v), Ver1, ..., Vp

described above. If two blocks V; and V; with i < j < a are adjacent, then the
intermediate blocks are V;, Viy1,...,V; and they induce a complete graph since this
was the case in H; a similar argument applies if ¢ > j > ¢. If a < i < ¢, then
the intermediate blocks may additionally contain also the block {v}, which was not
included in H. However, {v} is adjacent to all blocks V;,Vj,1,...V; and the graph
induced by the intermediate blocks is still complete. If the block V, — N(v) or the
block V, N N(v) is adjacent to Vj, then j < b by the definition of b and again the
graph induced by the intermediate blocks is complete. If the block v is adjacent to a
block V; with, say, j < b, then it is adjacent to all blocks V; with j < ¢ < b and once
more the graph induced by the intermediate blocks is complete. A similar argument
applies in the case of the adjacent blocks {v} and V, N N(v). In what follows, we shall
omit these simple verifications. They are all similar to the above.

If N(v) intersects neither V, nor V., then N(v) = V,U.--UV,. There may
be a block V; with b < j < d adjacent to both V; and V.. Since by the definition
of b and d we know that V; is not adjacent to Vi_; = V, or V,41 = V,, the closed
neighbourhood in H; of any vertex of V; is VjU- - -UV,.. Thus there can be at most one
such block Vj;, as distinct blocks have distinct closed neighbourhoods. Moreover, the
closed neighbourhood of V; in H' is the same as that of v. Thus we obtain a straight
enumeration of H’ by replacing V; with V; U {v}. On the other hand, each block V;
with b < j < d is adjacent to at least one of V;, V,. because otherwise we would have a
claw formed by v and any vertices from V;,V;, V.. Let u be the least integer greater
than b such that V,, is adjacent to V,. and w be the largest integer smaller that d such
that V,, is adjacent to V;. Note that b < u < d and b < w < d. We may assume
that v > w because otherwise there would be a block V; with b < j < d adjacent
to both V; and V;.. This means that u = w + 1 because each V; with b < j < d is
adjacent to at least one of V;,V,.. To obtain the desired straight enumeration of H’
from Vi,...,V,, we insert a new block {v} just before V,.

The case 1 =1 < r < p is very similar to the above arguments. Welet b=1=1
and ¢ = r 4+ 1 and define d as above to be the smallest integer less than ¢ such that
Vg is adjacent to V.. Then the above discussion applies almost verbatim, except that
we may have d = b = 1. In this case we insert the block {v} before V;.

Because of symmetry, it only remains to consider the following cases:

When 1 =1 =r = p, then H has only one block, V;, and v is completely adjacent
to it. Then V3 U {v} is the unique block of H'.

When 1 =1 = r < p, then {v},V3,Vo N N(v),Va — N(v),...,V}, is a straight
enumeration of the blocks of H'.

When 1 =1 < r = p, then v is completely adjacent to all blocks of H. We define
b= 1 and d = p and proceed as above, letting w be the largest integer greater than 1
such that V,, is adjacent to V7 and u be the least integer smaller than p such that V,, is
adjacent to V. Thus if u = w, we have the enumeration V1,...,V,U{v},...,V, and if
u > w, i.e.,, u = w+1 (cf. above), we have the enumeration V,...,Vy, {v}, Vy,..., V.



Downloaded 06/09/15 to 128.6.168.245. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

402 XIAOTIE DENG, PAVOL HELL, AND JING HUANG

(Clearly, u < w is not possible.)

The case 1 <l =r < p is impossible by part 3 of Proposition 4.1.

Finally, there is the trivial case when [ > r, i.e., when v is not completely adjacent
to any block of H. In the ordering the vertices of G as vy, ...,v,, we made sure that
v = v;41 is adjacent to some vertex of H, say in block V,,. By part 3 of Proposition 4.1,
u = 1 or u = p. Without loss of generality, we may assume that u = 1. If p =1, i.e,,
if H has only one block V;, then {v}, Vi NN (v), Vi — N(v) is a straight enumeration of
the blocks of H'. The case p = 2 is impossible since distinct blocks of H have distinct
closed neighbourhoods, and when p > 3 then part 3 of Proposition 4.1 implies that v
is nonadjacent to all V; with j > 1. Then {v},Vi N N(v),Vi — N(v),Va,...,V, is a
straight enumeration of the blocks of H'. Now we have described the straight mixed
graph H’ in all cases. 0

It is interesting to note that the proposition implies the following well-known
result [7] (see also (3] for a refinement).

COROLLARY 4.3 ([19]). Let G be an undirected graph. Then G is a proper interval
graph if and only if it is chordal and does not contain the claw, the net, or the tent
as an induced subgraph.

Proof. We have already observed that the condition is necessary. Therefore,
suppose that there is a chordal graph which does not contain an induced claw, net,
or tent and which is not a proper interval graph, and let G be such a graph which
has the smallest possible number of vertices. Then G must be connected; let v be a
vertex of G such that G — v is also connected. By the minimality of G, we know that
G — v can be oriented as a straight mixed graph H. Since Proposition 4.2 is valid
for the graph G (cf. the sentence just before Proposition 4.2), we see that G itself is
orientable as a straight mixed graph, contradicting the fact that G is not a proper
interval graph. ]

The proof of the above proposition is, in fact, an algorithm for inserting v into
H. We summarize our algorithm for the representation of proper interval graphs as
follows.

ALGORITHM 4.4. Let G be a connected graph.

[Step 1.] Order the vertices of G as v1,vVz,...,Vn in such a way that the subgraph
induced by {v1,vs,...,v;} is connected, for each i = 1,2,...,n. Let v = v; and
H = {v}.

[Step 2.] Perform the following operation as long as possible: If the vertices of H
are {vy,va,...,v;}, then let v = v;41 and insert v into H as described above.

[Step 3.] If H does not contain all vertices, then report that G is not a proper
interval graph.

[Step 4.] If desired, transform H into an interval representation of G by first ori-
enting each block to be a transitive tournament and then using the method of Propo-
sition 2.1.

The correctness of the algorithm is assured by Proposition 4.2. Indeed, if the
algorithm halts before H contains all the vertices, then some v could not be inserted
and hence G is not a proper interval graph.

Our Algorithm 4.4 can be implemented in time O(m + n). Since the first version
of this manuscript, Corneil, Kim, Natarajan, and Olariu have published an even sim-
pler linear-time recognition algorithm for proper interval graphs (“Simple linear time
recognition of unit interval graphs,” Inform. Process. Lett., 55 (1995), pp. 99-104).
It is possible to use their algorithm instead of ours for the purposes of Algorithm
3.4. One only has to notice that their algorithm can produce a straight mixed graph
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orientation of the input graph because our blocks B; consist precisely of vertices v
with equal value of their function NextD(v)— PrevD(v). (Our Algorithm 4.4 remains
interesting because it is incremental, and its correctness proof implies Wegner’s the-
orem.)

Finally, we remark that we believe there is an incremental linear-time algorithm
to directly compute a round mixed orientation of a given undirected graph along the
lines of Algorithm 4.4. We hope to return to this idea in the future.
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